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ON A RELATIVE MUMFORD-NEWSTEAD THEOREM
SURATNO BASU
ABSTRACT. In this paper, we prove a relative version of the classical
Mumford-Newstead theorem for a family of smooth curves degenerating to
a reducible curve with a simple node. We also prove a Torelli-type theorem
by showing that certain moduli spaces of torsion free sheaves on a reducible
curve allows us to recover the curve from the moduli space.
1. INTRODUCTION
Let X be a smooth, projective curve of genus g ≥ 2 over C. We fix a line bun-
dle L of odd degree over X . Let MX be the moduli space of rank 2, stable vector
bundles E such that detE ≃ L. It is known that MX is a smooth, projective and
unirational variety. Consequently it follows, by [20, Lemma 1], that the Hodge
numbers h0,p = hp,0 = 0. Therefore, we have the following Hodge decomposi-
tion:
H3(MX ,C)=H
1,2⊕H1,2,
where α is the complex conjugate of α ∈ H3(MX ,C) = H
3(MX ,R) ⊗ C and
H1,2 ≃ H2(MX ,Ω
1
MX
). Let pr1 : H3(MX ,C)→ H
1,2 be the first projection. Since
H3(MX ,R)∩H
1,2 = {0}, we get that the image pr1(H3(MX ,Z)) is a full lattice in
H1,2. We associate a complex torus corresponding to the above Hodge struc-
ture:
J2(MX ) :=
H1,2
pr1(H3(MX ,Z))
(1.0.1)
It is known as the second intermediate Jacobian of MX . We remark that the
complex torus, defined above, varies holomorphically in an analytic family of
smooth projective, unirational varieties and is a principally polarised abelian
variety. It is known that the second Betti number b
2
(MX ) = 1 ([15]). Let ω be
the unique ample, integral, Kähler class onMX . Then the principal polarisation
on J2(MX ) is induced by the following paring:
(α,β) 7→
∫
MX
ωn−3∧α∧β, (1.0.2)
where α,β ∈ H1,2 and n = dim
C
MX . We denote this polarisation on J
2(MX )
by θ′. The theorem of Mumford and Newstead ([12, Theorem in page 1201])
asserts that there is a natural isomorphism φ : J(X )→ J2(MX ) such that φ
∗(θ′)=
θ, where J(X ) is the Jacobian of the curve and θ is the canonical polarisation on
J(X ). In [2, Section 5, page 625]) there is a detailed proof of the fact φ∗(θ′)= θ.
Hence, appealing to the classical Torelli theorem one can recover the curve X
from the moduli space MX .
Let X
0
be a projective curve with exactly two smooth irreducible compo-
nents X
1
and X
2
meeting at a simple node p . Fix two rational numbers 0 <
1
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a
1
,a
2
< 1 such that a
1
+ a
2
= 1 and let χ be an odd integer. Under some nu-
merical conditions, Nagaraj and Seshadri construct in [13, Theorem 4.1], the
moduli space M (2, (a
1
,a
2
),χ) of rank 2, (a
1
,a
2
)-semistable torsion free sheaves
on X
0
with Euler charachteristic χ. Moreover, they show that M (2, (a
1
,a
2
),χ) is
the union of two smooth, projective varieties intersecting transversally along a
smooth divisor. We will observe that there exists a determinant morphism det :
M (2, (a
1
,a
2
),χ) → Jχ−(1−g )(X
0
) where Jχ−(1−g )(X
0
) is the Jacobian parametris-
ing the line bundles with Euler characteristic χ− (1− g ) over X
0
(see Propo-
sition 6.4 in Appendix). We further observe that the fibres of the morphism
det is again the union of two smooth projective varieties intersecting transver-
sally (see Proposition 6.5 in Appendix). Fix ξ ∈ Jχ−(1−g ). We denote the fibre
det−1(ξ) by M
0,ξ
. Since M
0,ξ
is a singular variety, a priori H3(M
0,ξ
,C) has an
intrinsic mixed Hodge structure. Let g be the arithmetic genus of X
0
. Note
that g = g
1
+ g
2
, where g i is the genus of X i for i = 1,2. Under the assumption
g i > 3, i = 1,2, we will show that H
3(M
0,ξ
,Q)≃Q2g , and that it has a pure Hodge
structure with Hodge numbers h
3,0
=h
0,3
= 0. Thus we have an intermediate Ja-
cobian J2(M
0,ξ
), as defined earlier, corresponding to the Hodge structure on
H3(M
0,ξ
,C) which is a priori only a complex torus of dimension g .
Let pi :X →C be a proper, flat and surjective family of curves, parametrised
by a smooth, irreducible curve C . Fix 0 ∈C . We assume that pi is smooth out-
side the point 0 and pi−1(0) = X
0
, where X0 is as above, gi > 3 for i = 1,2. Let
X t be the fibre pi
−1(t ) over t ∈ C . Fix a line bundle L over X such that the
restrictions Lt to X t are line bundles with Euler characteristics χ− (1− g ) for
t 6= 0 and L
0
is isomorphic to the line bundle ξ. In this situation, it is observed
in [13, Lemma 7.2] that there is a family pi′ :M
L
→C such that the fibre pi′−1(t )
over a point t 6= 0 is Mt ,Lt , the moduli space of rank 2, semistable locally free
sheaves with det ≃Lt over the smooth projective curve X t and pi
′−1(0) =M
0,ξ
(see Section 6.3.1). We should mention a related work by X Sun [23]. In [23]
the author constructs a family of rank r fixed determinant, semistable bundles
over smooth projective curves degenerating to a “fixed determinant” moduli
space of rank r torsion free sheaves over X
0
. Though his methods are different
we believe, in rank 2 case, the relative moduli space in [23] coincides with M
L
.
We consider an analytic disc ∆ around the point 0 and we denote the family
pi′ :pi′−1(∆)→∆ by {Mt ,Lt }t∈∆ .
With these notations we state one of the main results of this paper :
Theorem 1.1.
(1) There is a holomorphic family {J2(Mt ,Lt )}t∈∆ of intermediate Jacobians
corresponding to the family {Mt ,Lt }t∈∆ . In other words, there is a surjec-
tive, proper, holomorphic submersion
pi
2
: J2(M
L
)−→∆
such that pi−12 (t ) = J
2(Mt ,Lt ) ∀ t ∈ ∆
∗ := ∆ \ {0} and pi−12 (0) = J
2(M
0,ξ
).
Further, there exists a relative ample class Θ′ on J2(M
L
)|∆∗ such that
Θ
′
|J2(Mt ,Lt
)
= θ′
t
, where θ′
t
is the principal polarisation on J2(Mt ,Lt ).
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(2) There is an isomorphism
J0(X )
Φ
∼
//
pi
1
""
❉❉
❉❉
❉❉
❉❉
❉
J2(M
L
)
pi
2
{{①①
①①
①①
①①
①
∆
(1.0.3)
such that Φ∗Θ′
|pi−11 (t )
= θt for all t ∈∆
∗, where pi1 : J0(X )→∆ is the holo-
morphic family {J0(X t )}t∈∆ of Jacobians and θt is the canonical polarisa-
tion on J0(X t ). In particular J
2(M
L
)
0
:=pi−1
2
(0) is an abelian variety.
By the above theorem we deduce the following:
Corollary 1.2. Let X
0
be a projective curve with exactly two smooth irreducible
components X1 and X2 meeting at a simple node p. We further assume that
g i > 3, i = 1,2. Then, there is an isomorphism J
0(X
0
)≃ J2(M
0,ξ
), where ξ ∈ Jχ(X
0
).
In particular, J2(M
0,ξ
) is an abelian variety.
Since J0(X
0
) is isomorphic to J0(X
1
)× J0(X
2
), we observe the Jacobian J0(X
0
)
is independent of the nodal point in X
0
. Hence, the classical Torelli theorem
fails for such curves (see [10, Page 6 ]). On the other hand, it is known that
under suitable choice of the polarisation on the Jacobian J0(X
0
), one can re-
cover the normalization X˜
0
of X
0
, but not the curve X
0
. In otherwords one can
recover both the components of X
0
but not the nodal point(see [8, page 125]).
We see that the moduli spaceM
0,ξ
of rank 2 torsion free sheaves carries more
information than the Jacobian J(X
0
). In fact, we show that we can actually re-
cover the curve X
0
from M
0,ξ′
by following a strategy of [3]. More precisely, we
will prove the following analogue of the Torelli theorem for reducible curves:
Theorem 1.3. Let X
0
( resp. Y
0
) be the projective curve with two smooth irre-
ducible components Xi (resp. Yi ), i = 1,2 meeting at a simple node p (resp. q).
We assume that genus(X i ) = genus(Yi ), for i = 1,2, and X1 ≇ X2(resp. Y1 ≇ Y2).
Let M
0,ξX0
(resp. M
0,ξY0
) be the moduli space of rank 2, semistable torsion free
sheaves E with detE ≃ ξX0 , ξX0 ∈ J
χ(X
0
), on X
0
(resp. on Y
0
). If M
0,ξX0
≃M
0,ξY0
then we have X
0
≃Y
0
.
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me to this problem and discussed this work with me. I thank Prof. C.S Seshadri
for suggesting a way to define a certain ”determinant” morphism and for several
helpful discussions. I thank B Narasimha Chary for a very careful reading of the
previous draft and suggesting many changes. I have greatly benefited from the
discussions with Dr. Ronnie Sebastian. I also thank Prof. D.S Nagaraj, Rohith
Varma and Krisanu Dan for many helpful discussions. Finally I wish to thank
the referee for being extremely patient with the previous manuscript and gen-
erously suggesting many changes. The proofs of the Proposition 6.4 and 6.6 are
suggested by the referee.
2. PRELIMINARIES
In this section, we briefly recall the main results in [13] which will be ex-
tensively used in the present work. Before proceeding further we will fix the
following notations:
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2.0.1. Notation.
• Throughout we work over the field C of complex numbers. We assume
that all the schemes are reduced, separated and finite type over C.
• Let p i : X1×·· ·×Xn → Xi be the i
th projection, where X i is a scheme for
i = 1, . . . ,n. By abuse of notation, we denote p∗
i
(E i ) also by E i , where E i
is a sheaf of OXi
module.
• Let X be a projective scheme and E be a vector bundle over X . Then
we set hi (E ) := dim
C
H i (X ,E ). Let S be another projective scheme and
E be a coherent sheaf over X ×S then we set E s := E |X×s , s ∈ S.
• By cohomology of a scheme X , we mean the singular cohomology of
the space Xann , the analytic space with complex analytic topology asso-
ciated to X .
• Let E be coherent sheaf over X . We denote by E (p) :=
Ep
mpEp
the fibre of
E at p ∈ X .
• Let X be a smooth projective curve and E be a vector bundle over X .
Then we denote E⊗OX (np) by E (np), where p ∈ X is a closed point and
n is an integer.
• If Z is a closed subvariety of a smooth variety X , then we denote by
Codim(Z ,X ), the codimension of Z in X .
2.1. Triples associated to a torsion free sheaves on a reducible nodal curve.
Let X
0
be a projective curve of arithmetic genus g with exactly two smooth
irreducible components X
1
and X
2
meeting at a simple node p . The arithmetic
genus g of such a curve is g = g1+ g2, where g i is the genus of X i for i = 1,2.
By a torsion free sheaf over X0 we always mean a coherent OX0 -module of
depth 1. Let
→
C be a category whose objects are triples (F1 ,F2 ,A) where Fi are
vector bundles on X i , for i = 1,2 and A : F1(p)→ F2(p) is a linear map. Let
(F
1
,F
2
,A), (G
1
,G
2
,B ) ∈
→
C . We say φ : (F1 ,F2 ,A) → (G1 ,G2 ,B ) is a morphism if
there are morphisms φi : Fi →G i of OXi -modules for i = 1,2 such that the fol-
lowing diagram is commutative:
F
1
(p)
φ1⊗k(p)
//
A

G
1
(p)
B

F
2
(p)
φ2⊗k(p)
// G
2
(p)
(2.1.1)
In [13, Lemma 2.8], it is shown that there is an equivalence of categories
between
→
C and the category of torsion free sheaves over X0 .
Remark 2.1. Similarly, we define another category
←
C whose objects are triples
(F
1
,F
2
,A) where Fi are vector bundles over X i for i = 1,2 and A : F2(p)→ F1(p)
is a linear map. The morphism between any two such triples is defined in the
same way before. The category of torsion free sheaves is equivalent to the cate-
gory
←
C (see [13, Remark 2.9]). Now if the triples (F1 ,F2 ,A) ∈
→
C and (F ′
1
,F ′
2
,B ) ∈
←
C
correspond the same torsion free sheaf F , then they are related by the following
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diagram:
F
1
(p)
ip
//
A

F ′
1
(p)
F
2
(p) F ′
2
(p)
jp
oo
B
OO
(2.1.2)
where i : F
1
→ F ′
1
(resp. j : F ′
2
→ F
2
) is a morphism of vector bundle which
is an isomorphism outside the point p and ker (ip ) = ker (A) (resp Im( jp ) =
Im(A))(see [13, Remark 2.5]). F ′
i
is called the Hecke-modification of Fi for
i = 1,2.
2.1.1. Notion of semistability. Fix an ample line bundle OX0 (1) on X0 . Let
deg (OX0 (1)|Xi ) = ci , i = 1,2, and ai =
ci
c
1
+c
2
. Then 0 < a
1
,a
2
< 1 and a
1
+ a
2
= 1.
We say a = (a
1
,a
2
) a polarisation on X
0
. A torsion free sheaf F on X
0
is of rank
type (r
1
,r
2
) if the generic rank of the restrictions F |Xi are r i , i = 1,2.
Definition 1. For a torsion free sheaf F of rank type (r
1
,r
2
), we define the rank
r := a
1
r
1
+a
2
r
2
and the slope µ(F ) := χ(F )r , where χ(F ) := h
0(F )−h1(F ). A torsion
free sheaf F is said to be semistable(resp. stable) with respect to the polarisation
a = (a
1
,a
2
) if µ(G) ≤ µ(F )(resp. <) for all nontrivial proper subsheaves G of F .
We define the Euler characteristic and the slope of a triple (F
1
,F
2
,A) ∈
→
C to be:
χ((F
1
,F
2
,A))= χ(F1)+χ(F2)− rk(F2) and µ(F1,F2,A)=
χ((F1,F2,A))
r
. (2.1.3)
A triple (F1,F2,A) is said to be semistable(resp. stable) if µ(G1,G2,B ) ≤
µ(F1,F2,A) for all nontrivial proper subtriples of (F1,F2,A) (for definition of a
subtriple see [13, Definition 2.3]).
Remark 2.2. If a torsion free sheaf F is associated to a triple (F1,F2,A) then
χ(F ) = χ(F1,F2,A)(see [13, Remark 2.11]). We have already remarked the cat-
egory of torsion free sheaves is equivalent to the category of triples in a fixed
direction. Therefore, a torsion free sheaf F is a = (a
1
,a
2
)-semistable (resp. stable)
if and only if the corresponding triple (F1,F2,A) is a = (a1 ,a2)-semistable (resp.
stable).
2.2. Moduli space of rank 2 torsion free sheaves over a reducible nodal curve.
2.2.1. Euler Characteristic bounds for rank 2 semistable sheaves. Fix an integer
χ and a polarisation a = (a
1
,a
2
) on X
0
such that a
1
χ is not an integer. Then we
have the following Euler characteristic restrictions:
Lemma 2.1. Let χ
1
, χ
2
be the unique integers satisfying
a
1
χ< χ
1
< a
1
χ+1 , a
2
χ+1< χ
2
< a
2
χ+2 (2.2.1)
and χ= χ
1
+χ
2
−2. If F is a rank 2, a = (a
1
,a
2
)-semistable sheaf then χ(F
1
)=χ
1
,
χ(F
2
) = χ
2
or χ(F
1
) = χ
1
+1, χ(F
2
) = χ
2
−1 and rk(A)≥ 1 where (F
1
,F
2
,A) ∈
→
C is
the unique triple representing F . Moreover if F is non-locally free then χ(F
1
)= χ
1
and χ(F
2
)= χ
2
.
Proof. See [13, Theorem 3.1]. 
6 SURATNO BASU
For the rest of the paper we fix an odd integer χ and a polarization a :=
(a
1
,a
2
) (a
1
< a
2
) on X
0
such that a
1
χ is not an integer. With these notations,
one of the main results of [13] is the following:
Theorem 2.2. ([13, Theorem 4.1]) The moduli space M (2,a,χ) of isomorphism
classes rank 2, (a
1
,a
2
) stable torsion free sheaves exists as a reduced,connected,
projective scheme. Moreover, it has two smooth, irreducible components meeting
transversally along a smooth divisor D.
2.3. Fixed determinant moduli space. Let Jχi−(1−g i )(X i ) be the Jacobian of
isomorphism classes of line bundles over X i with Euler characteristic χi − (1−
g i ), i = 1,2 and J0 := J
χ
1
−(1−g
1
)(X
1
)× Jχ2−(1−g2 )(X
2
). In the Appendix we will
show that there is a well defined determinant morphism det : M (2,a,χ)→ J
0
whose fibres are again the union of two sooth, projective varieties intersecting
transversally along a smooth divisor ( see Proposition 6.4).
2.4. Moduli space of triples. Fix ξ ∈ J0 and let det−1(ξ) :=M0,ξ . In this subsec-
tion we will discuss a different description of the moduli spaces M (2,a,χ) and
M
0,ξ
in terms of certain moduli space of triples glued along a certain divisor.
This description is given in section 5 of the article [13]. This description will be
useful for the cohomology computations later.
The following facts are well known. For the completeness we shall indicate
a proof.
Fact 2.1. Let (X ,x) be a smooth,projective curve together with a marked point
x and (E ,0⊂ F 2E (x)⊂ E (x)) be a parabolic vector bundle with weights 0< β
1
<
β
2
< 1. Suppose the weights satisfy |β
1
−β
2
| < 12 . Then we have-
(a) E is parabolic semistable implies E is parabolic stable.
(b) E is parabolic semistable implies E is semistable.
(c) If E is stable then any quasi parabolic structure (E ,0⊂ F 2E (x)⊂ E (x)) is par-
abolic semistable with respect to the weights 0<β
1
<β
2
< 1.
Proof. From our assumption on weights we get that |
β
1
+β
2
2
−βi | <
1
2
for i = 1,2.
Suppose E is strictly parabolic semistable. Let L be a parabolic line subbundle
of E . Then we have-
deg (L)=
deg (E )
2
+
β
1
+β
2
2
−βi .
Since |
β
1
+β
2
2
−βi | <
1
2
and deg (L) is an integer this is not possible. This com-
pletes the proof of (a). Let L be a line subbundle of E . The parabolic stability
of E implies
deg (L)<
deg (E )
2
+
β
1
+β
2
2
−βi .
Therefore, deg (L)< deg (E)
2
± 1
2
. Since deg (L) is an integer the above inequality
will imply deg (L) ≤ deg (E)2 . This completes the proof of (b). Let L be a sub-
bundle of E . If L(x)∩F 2E (x) 6= 0 then we associate the weight β
1
otherwise we
associate the weight β
2
. Now as E is stable we have
deg (L)<
deg (E )
2
.
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Since |
β
1
+β
2
2
−βi | <
1
2
and deg (L) is an integer we conclude that
deg (L)<
deg (E )
2
+
β
1
+β
2
2
−βi .
This completes the proof of (c). 
The following result is proved in [13]
Fact 2.2. Let (F
1
,F
2
,A) ∈
→
C (resp. (F ′
1
,F ′
2
,B ) ∈
←
C) be a rank 2, (a1 ,a2)-semistable
and the Euler characteristic χ(Fi ), i = 1,2, satisfy the inequality 2.2.1(resp. the
inequality 2.4.2, then Fi (resp. F
′
i
) are semistable over X i for i = 1,2 (see [13, The-
orem 5.1]).
Conversely we have the following:
Lemma 2.3. Let Fi be rank 2 semistable bundles over X i and the Euler charac-
teristic χ(Fi ), i = 1,2, satisfy the inequalities 2.2.1. Let A : F1(p)→ F2(p) be a
linear map and rk(A)= 2, then (F
1
,F
2
,A) ∈
→
C is (a1 ,a2)-semistable. Moreover, if
F
1
and F
2
are both stable then (F
1
,F
2
,A) is (a
1
,a
2
)-semistable if rk(A)≥ 1.
Proof. Case 1: Let rk(A) = 2 The proof of the statement (1) follows from [6,
Lemma 3.1.12 page 39]. Now suppose rk(A)= 1. In this case we need both Fi
to be stable.
Since rk(A) = 1 we get a parabolic structure on F
1
given by 0 ⊂ ker (A) ⊂
F
1
(p) and a parabolic structure on F
2
(p) given by 0 ⊂ Im(A) ⊂ F
2
(p). By Fact
2.1 (c) we conclude that the above two quasi parabolic structure are parabolic
stable with respect to the weights 0 <
a
1
2 <
a
2
2 < 1. Thus by [13, Theorem 6.1]
we get that (F
1
,F
2
,A) is semistable. 
Remark 2.3. The same results hold true for the triples in the other direction i.e
if Fi are semistable over X i , i = 1,2 satisfying the inequality 2.4.2 and rk(A)= 2
then the triple (F
1
,F
2
,A) ∈
←
C is (a1 ,a2)-semistable. Moreover, if Fi are stable and
rk(A)≥ 1 then (F
1
,F
2
,A) ∈
←
C is (a1 ,a2)-semistable.
(I ) Semistable triple of type (I): We say a rank 2, (a
1
,a
2
)-semistable triple
(F
1
,F
2
,A) ∈
→
C is of type (I ) if χ(Fi ), i = 1,2, satisfy the following inequalities:
a
1
χ<χX1
(F
1
)<a
1
χ+1 , a
2
χ+1<χX2
(F
2
)<a
2
χ+2 (2.4.1)
and rk(A)≥ 1.
(I I ) Semistable triple of type (II): We say a (a
1
,a
2
)-semistable triple
(F
1
,F
1
,B ) ∈
←
C is of type (I I ) if χ(Fi ), i = 1,2 satisfy the following inequalities:
a
1
χ+1<χX1
(F ′
1
)<a
1
χ+2 , a
2
χ<χX2
(F ′
2
)<a
2
χ+1 (2.4.2)
and rk(B )≥ 1.
Let S be a scheme. We say (F
1
,F
2
,A ) a family of triples parametrised by
S if Fi ’s are locally free sheaves on X i ×S, i = 1,2 and A : F1 |p×S →F2 |p×S is a
OS -module homomorphism of locally free sheaves.
Remark 2.4. Given a family of triples (F
1
,F
2
,A ) parametrised by S we can as-
sociate a family of torsion free sheaves F parametrised by S i.e a coherent sheaf
F on X
0
× S which is flat over S such that Fs is torsion free for all s ∈ S. The
association is the following: Let G be the locally free subsheaf of F
1
|p×S ⊕F2 |p×S
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generated by the graph of the homomorphism A and LS :=
F
1
|p×S⊕F2 |p×S
G . Con-
sider the exact sequence-
0→F →F
1
⊕F
2
→LS → 0.
Since, F
1
⊕F
2
and LS are both flat over S. Hence F is flat over S.
In [13, Theorem 5.3] it is shown that there is a smooth, irreducible projective
variety which has the coarse moduli property for family of semistable triple
of type I . We denote this space by M
12
. By the same construction one can
construct another smooth, irreducible, projective variety which has the coarse
moduli property of semistable triples of type (I I ). We denote this space by M
21
.
Let
D
1
:= {[(F
1
,F
2
,A) ∈M
12
| rk(A)= 1}.
and
D
2
:= {[(F ′
1
,F ′
2
,B )] ∈M
21
| rk(B )= 1}.
Then, by [13, Theorem 6.1] it follows D
1
(resp. D
2
) is a smooth divisor in
M
12
(resp. M
21
). Now if (F
1
,F
2
,A) ∈
→
C and rk(A) = 1, then by Remark 2.1, we
get a unique triple (F ′
1
,F ′
2
,B ) ∈
←
C such that rk(B ) = 1 and χ(F ′
1
) = χ(F
1
)+ 1,
χ(F ′
2
)=χ(F
2
)−1. Therefore, this association defines a natural isomorphism be-
tween D
1
and D
2
. Let us denote this isomorphism by Ψ and M
0
be the vari-
ety obtained by identifying the closed subschemes D
1
and D
2
via the isomor-
phism Ψ. Now by Remark 2.4 we get a morphism f
1
: M
12
→ M (2,a,χ) (resp.
f
2
:M
21
→M (2,a,χ)) by associating a triple (F
1
,F
2
,A) to the corresponding tor-
sion free sheaf F . Clearly f
1
and f
2
are compatible with the gluing morphism
Ψ. Thus we get a morphism M
0
→M (2,a,χ). This morphism is bijective. Also
this morphism induces an isomorphism on the dense open subvariety of M
0
consisting of rank 2 triples. Therefore it is a birational morphism. Thus by [24,
Theorem 2.4] the variety M
0
is isomorphic to the moduli space M (2,a,χ) as
the latter space is projective and seminormal, being the union of two smooth
projective variety intersecting transversally, without any one dimensional com-
ponent.
Let S be a finite type scheme and χ′
i
= χi −(1−g i ). Given a family of type (I ),
(a
1
,a
2
) semistable triples (F
1
,F
2
,A ) parametrised by S we get two families of
line bundles ∧2Fi over X i ×S, i = 1,2. Thus by the universal property of J
χ′
i (X i )
we get a morphism
det
1
:M
12
→ J
0
:= Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
).
such that det
1
((F
1
,F
2
,A)) = (∧2F
1
,∧2F
2
) for all closed points (F
1
,F
2
,A) ∈ M
12
.
Similarly, we get another morphism:
det
2
:M
21
→ J ′
0
:= Jχ
′
1
+1(X
1
)× Jχ
′
2
−1(X
2
).
such that det
2
((F
1
,F
2
,A))= (∧2F
1
,∧2F
2
) for all closed points (F
1
,F
2
,A) ∈M
21
.
Lemma 2.4. The fibres of deti are smooth and the fibres of deti intersect D i
transversally, i = 1,2.
Proof. The group J0(X
1
)× J0(X
2
) acts on M
21
(resp. M
21
) by (F
1
,F
2
,A) 7→ (F
1
⊗
L
1
,F
2
⊗F
2
⊗L
2
,A) and on J
0
(resp. J ′
0
) by (M
1
,M
2
) 7→ (M
1
⊗L
1
,M
2
×L
2
) where
(L
1
,L
2
) ∈ J0(X
1
)× J0(X
2
). The morphism det
1
(resp. det
2
) is clearly compatible
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with the above actions. Thus det
1
(resp. det
2
) is smooth. As M
12
(resp. M
21
)
and J
0
(resp. J ′
0
) are smooth, the fibres of det
1
(resp. det
2
) are smooth. Clearly,
the divisor D
1
(resp. D
2
) is invariant under the above action. Therefore, deti |Di
are smooth, i = 1,2. Thus the fibres of deti |Di are also smooth. Clearly, the
intersection of a fibre of deti with D i is the fibre of deti |Di . Hence we are done.

Fix ξ = (ξ
1
,ξ
2
) ∈ Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
). Let det−1
1
(ξ) := Mξ
12
and det−1
2
(ξ′) := Mξ
′
21
where ξ′ = (ξ(p),ξ(−p)). By Lemma 2.4 the fibre det−1
1
(ξ) (resp. det−1
2
(ξ′))
intersects D
1
(resp. D
2
) transversally. Hence Dξ
1
:= det−1
1
(ξ)∩D
1
and Dξ
′
2
:=
det−1
2
(ξ′)∩D
2
. Let M
0,ξ
be the closed subvariety of M
0
obtained by gluing Mξ
12
and Mξ
′
21
along the closed subschemes Dξ
1
and Dξ
′
2
via the isomorphism Ψ.
Let det be the morphism defined in Proposition 6.4. We can easily show
that det−1(ξ), ξ ∈ J
0
is isomorphic to the variety M
0,ξ
. In the next section we
will compute some of the cohomology groups of M
0,ξ
.
2.4.1. Notation. Henceforth, we will denote by M
0,ξ
, the moduli space of rank
2, (a
1
,a
2
)- semistable bundles with det ≃ ξ and its components byM
12
andM
21
.
We also denote the smooth divisor Dξ
1
in M
12
by D
1
and the smooth divisor Dξ
2
in M
21
by D
2
.
We conclude this section by proving a geometric fact about the moduli space
M
12
(resp. M
21
).
Lemma 2.5. The moduli space M
12
(resp, M
21
) is a unirational variety.
Proof. To prove M
12
is unirational we can assume, after tensoring by line bun-
dles, it consists of all triples (F
1
,F
2
,A), where Fi is semistable over X i such that
deg (Fi )> 2(2g i −1) i = 1,2. Then, any such Fi can be obtained as an extension:
0→OXi
→ Fi → ξi → 0,
where ξi = det (Fi ) for i = 1,2. The exact sequences of this type are classified by
V
ξi
:= Ext1(OXi ,ξi )=H
1(X i ,ξ
∗
i
). Let Ei be the universal extension over X i ×Vξi .
We denote the restriction E i |p×V
ξi
by E i p . Clearly, Hom(E1,E2) parametrises a
family of triples in the sense we have defined family of triples and if (F
1
,F
2
,A)
be a triple corresponding to the closed point A ∈ Hom(E
1
,E
2
) then Fi ’s are
the extensions of the type described before. Now as Fi ’s are semistable if we
choose an isomorphism A : F
1
(p) → F
2
(p) then by Lemma 2.2, (F
1
,F
2
,A) is
semistable. Thus we conclude the set of points W where the corresponding
triple is semistable is a nonempty Zariski open set of Hom(E
1
,E
2
). Therefore,
by the coarse moduli property of M
12
, we get a morphism from W to M
12
.
Clearly the morphism W → M
12
is surjective. Hence, M
12
is a unirational va-
riety. The same argument shows the moduli space M
21
is also a unirational
variety. 
3. TOPOLOGY OF M
0,ξ
In this section, our main aim is to outline a strategy to compute the coho-
mology groups of M
0,ξ
and compute explicitly the third cohomology group. We
make the following convention: Let X be a topological space. By Hk(X ) we
mean the cohomology groups of X with the coefficients in Q, k ≥ 0. Whenever
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we obtain any results for other coefficients, e.g Z, we will specifically mention
it. Suppose X and Y be varities over C. Whenever we say X → Y a topological
fibre bundle, we assume the underlying topology of X and Y to be complex
analytic topology.
Let Y be a smooth,projective curve of genus gY ≥ 2 and MY be the moduli
space of rank 2 semistable bundles with fixed determinant. The cohomology
groups of MY are quite well studied in the literature. When the determinant
is odd MY is a smooth projective variety of dimension 3gY − 3 and the coho-
mology groups with integral coefficients are completely known. When the de-
terminant is even MY need not be smooth. In fact it is known that the singular
locus ofMY is precisely the complementMY \M
s
Y
if gY ≥ 3 whereM
s
Y
is the open
subset consisting of stable bundles (see [14, Theorem 1]). In this case also the
Betti numbers are determined in the work of [5]. We will summarize some of
the results concerning the cohomology groups of MY in both the cases i.e odd
determinant and even determinant:
Lemma 3.1. (1) Let MY be the moduli space of rank 2 semistable bundles
with odd determinant. Then MY is a smooth, projective rational vari-
ety ([16]) and hence it is simply connected and H3(MY ,Z)tor = 0. Fur-
thermore, b
1
(MY ) = 0, b2(MY ) = 1, b3(MY ) = 2gY , where bi are the Betti
numbers ([15]).
(2) Let MY be the moduli space of rank 2 semistable bundles with even de-
terminant. Then M s
Y
is a simply connected variety ([4, Proposition 1.2]).
Furthermore, we have b
1
(MY ) = 0, b2(MY )= 1 and b3(M
s
Y
) = 2gY , where
bi are the Betti numbers ([17], [5, Section 3]).
Let M
1
(resp. M ′
1
) be the moduli space of rank 2, semistable bundles over X
1
with det ≃ ξ
1
(resp. with det ≃ ξ
1
(p)) and M
2
(resp. M ′
2
) be the moduli space of
rank 2, semistable bundes over X
2
with det ≃ ξ
2
(resp. det≃ ξ
2
(−p)) where ξi ’s
are line bundles of degree di = χi −2(1− g i ) for i = 1,2 and the integers χ1 , χ2
satisfy the inequality 2.2.1. Since χ is odd, one of the integer in the pair (d
1
,d
2
)
is odd and the other is even. We assume that d
1
is odd and d
2
is even. There-
fore, M
1
and M ′
2
are smooth projective varieties. LetM s
2
be the open subvariety
of M
2
consisting of all the isomorphism classes of stable bundles over X
2
and
M ′s
1
be the open subvariety of M ′
1
consisting of all the isomorphism classes of
stable bundles over X
1
. Note that M
2
\M s
2
is precisely the singular locus of M
2
if g
2
≥ 3 and M ′
1
\M ′s
1
is precisely the singular locus of M ′
1
if g
1
≥ 3.
Let us denote the open subvariety M
1
×M s
2
of M
1
×M
2
by B . We will show
the following,
Proposition 3.2. There is a surjective morphism p :M
12
→M
1
×M
2
. Moreover,
p : P→B is a topological P3-bundle where P := p−1(B ).
Proof. Let S be a finite type scheme and (F
1
,F
2
,A ) be a family of triples
parametrised by S such that (F
1 s
,F
2 s
,As ) is (a1 ,a2)-semistable of type (I ) for
all s ∈ S where Fi s := Fi |X0×s . We also assume ∧
2Fi s ≃ ξi , i = 1,2. Then
by Fact 2.2 Fi s , i = 1,2, are semistable for all s ∈ S. Thus we get a mor-
phism p : M
12
→M
1
×M
2
. Let ([F
1
], [F
2
]) ∈M
1
×M
2
. Choose any isomorphism
A : F
1
(p)→ F
2
(p). Then, by Fact 2.3 (F
1
,F
2
,A) is (a
1
,a
2
)-semistable. Therefore,
p is surjective.
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Now we show that p : P → B is a topological P3-bundle. Let b = ([F
1
], [F
2
]) ∈
B . Our first claim is the fibre p−1(b) is homeomorphic to PHom(F
1
(p),F
2
(p))≃
P3. Let A ∈ Hom(F
1
(p),F
2
(p)) and A 6= 0. Since both Fi ’s are stable, by Lemma
2.3, (F
1
,F
2
,A) is (a
1
,a
2
)-stable. Thus we get a morphism ib :Hom(F1(p),F2(p))\
0→ M
12
. Clearly, ib (Hom(F1(p),F2(p))) \ 0) = p
−1(b). Note that (F
1
,F
2
,A) and
(F
1
,F
2
,λA) are isomorphic for all λ ∈ C∗. Thus ib descends to a morphism ib :
PHom(F
1
(p),F
2
(p))→ p−1(b). Now we show that ib is injective. Then the claim
will follow. Let A,B ∈ PHom(F
1
(p),F
2
(p)) are disticnt points. Then the triples
(F
1
,F
2
,A), F
1
,F
2
,B ) are non isomorphic. Suppose, (F
1
,F
2
,A) and (F
1
,F
2
,B ) are
isomorphic as triples. Then there are isomorphisms φi : Fi → Fi , i = 1,2 such
that we have the following commutative diagram:
F
1
(p)
φ
1
(p)
//
A

F
1
(p)
B

F
2
(p)
φ
2
(p)
// F
2
(p)
(3.0.1)
Since Fi are stable the only isomorphisms of Fi are λI for some scalor λ. Thus
we have φi (p)=λi I , i = 1,2. From the commutativity of the above diagram we
get Bλ
1
=λ
2
A. Thus B =λ−1
1
λ
2
A. Hence a contradiction as A and B are disticnt
in PHom(F
1
(p),F
2
(p)). Therefore, the morphism is injective. Since the fibres
of p : P→B are compact, p : P→B is a proper, analytic map.
Our next claim is that the induced map dp : TF → Tp(F ) at the level of
Zariski tangent space is surjective for all F = (F
1
,F
2
,A) ∈ P . Let (F
1
,F
2
) ∈ B .
Since Fi are both stable, i = 1,2, the Zariski tangent space TFi ≃ H
1(End (Fi ))0
where H1(End (Fi ))0 = Ker (t r
1 : H1(End (Fi )) → H
1(OXi
)) and t r 1, the trace
homomorphism (see [9, Theorem 4.5.4]). Thus the tangent space T
(F1,F2)
B ≃
H1(End (F
1
))
0
×H1(End (F
2
))
0
. Now a cocycle in H1(End (Fi )) corresponds to
a locally free sheaf Fi over X i ×D such that Fi t0 ≃ Fi where D = Spec
C[ε]
ε2
and
t
0
= (ε). Choose an isomorphism A : F
1
(p)→ F
2
(p). Then clearly, A lifts to a OD -
module homomorphism A : F
1
|p×D → F2 |p×D . Thus we get a triple (F1 ,F2 ,A )
parametrised by D such that (F
1 t0
,F
2 t0
,At0 ) = (F1 ,F2 ,A). By the coarse mod-
uli property of M
12
we get a morphism x :D→M
12
such that x(t
0
)= (F
1
,F
2
,A).
In otherwords we get a point of the Zariski tangent space at (F
1
,F
2
,A). Thus
dp is surjective. Therefore, p is a proper, surjective, holomorphic submersion.
Hence, p : P→B is a topological P3- bundle. 
Remark 3.1. By the same arguments as before we get a morphism p ′ : M
21
→
M ′
1
×M ′
2
, where M ′
1
is the moduli space of rank 2 semistable bundles over X
1
with det ≃ ξ′
1
and M ′
2
be the moduli space of rank 2 semistable bundles over
X
2
with det ≃ ξ′2, where ξ
′
1
:= ξ
1
(p) and ξ′
2
:= ξ
2
(−p). Moreover, p ′ : P → B ′ is a
P3-fibration where B ′ =M s
1
×M
2
and P = p ′−1(B ′).
3.1. Codimension computations. In the following proposition we compute
the codimension of the complement of the open subvariety P in M
12
(resp. the
complement of P in M
21
).
Let K ′ denote the complement of P in M
12
and K ′
2
denote the complement
of P in M
21
. Then we have
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Proposition 3.3.
(a) Codim(K ′,M
12
)= g
2
−1. where g
2
is the genus of X
2
(b) Codim(K ′
2
,M
21
)= g
1
−1 where g
1
is the genus of X
1
.
Proof. We will only show (a). The proof of (b) is similar. Note that if (F
1
,F
2
,A) ∈
K ′ then F
2
is a strictly semistable bundle on X
2
. Therefore, K ′ = p−1(M
1
×K ),
where K =M
2
\M s
2
and p is the morphism as in Proposition 3.2. . Now F
2
∈ K
if and only if there is a short exact sequence
0→ L
2
→ F
2
→ L
1
→ 0,
for some line bundles L
1
, L
2
with deg (L i ) =
d
2
2 , i = 1,2. Clearly, L1 ⊗ L2 ≃
det (F
2
)≃ ξ
2
. Thus K consists of all S-equivalance classes [L
1
⊕L
2
] of semistable
bundles on X
2
where L
1
,L
2
∈ Jd
′
2 (X
2
), d ′
2
=
d
2
2 such that L1 ⊗ L2 ≃ ξ2 . Let K
0
be the subset of K consisting of all S- equivalence classes [L
1
⊕L
2
] such that
L
1
≇ L
2
. Then by [14, Lemma 4.3] K 0 is an open and dense subset of K .
Let K ′′ = p−1(M
1
× K 0). Then K ′′ is open and dense in K ′. Therefore, we
get dim(K ′) = dim(K ′′). Now we will find a parameter variety of isomor-
phism classes of all (a
1
,a
2
)-semistable triples (F
1
,F
2
,A) where F
1
∈ M
1
and
F
2
∈ PExt1(L
1
,L
2
) for some L i ∈ J
d ′
2 (X
2
), i = 1,2 with L
1
≇ L
2
and show that
this parameter variety has same dimension as K ′′.
Let Jξ2 = {(L
1
,L
2
) ∈ Jd
′
2 (X
2
)× Jd
′
2 (X
2
) | L
1
⊗L
2
≃ ξ
2
}. Note that Jd
′
2 (X
2
) is iso-
morphic to Jξ2 by L 7→ (L,ξ
2
⊗ L−1). Therefore, Jξ2 is a closed subvariety of
Jd
′
2 (X
2
)× Jd
′
2 (X
2
) of dimension g
2
. Let J ′ = {(L
1
,L
2
) ∈ Jd2 (X
2
)× Jd
′
2 (X
2
) | L
1
≇ L
2
}.
Then, clearly J ′ is an open and dense subvariety of Jd
′
2 (X
2
)× Jd
′
2 (X
2
). Let
J ′ξ2 := J ′∩ Jξ2 .
We will construct a projective bundle P over J ′ such that the fibre over a
point (L
1
,L
2
) ∈ J ′ is isomorphic to PExt1(L
1
,L
2
): Let L be the Poincare line
bundle over X
2
× Jd
′
2 (X
2
) and Li := (id ×p i )
∗L where p i : J
d ′
2 (X
2
)× Jd
′
2 (X
2
)→
Jd
′
2 (X
2
) is the i th projection for i = 1,2. Then V := R1p
J′ ∗
Hom(L
1
,L
2
) is a
locally free sheaf of rank g
2
−1 over J ′ where p
J′
: X
2
× J ′→ J ′ is the projection.
Let P over J ′ be the projective bundle associated to V . Then the fibre over a
point (L
1
,L
2
) ∈ J ′ is isomorphic to PExt1(L
1
,L
2
). Let P ′ = P|
J
′ξ2
. Let G be the
universal extension over X
2
×P ′ (see [14, Proposition 3.1]) and F be a universal
bundle over X
2
×M
1
(note that F exists as the degree and rank of the vector
bundles in M
1
are coprime).
Let Gp := G |p×P ′
and Fp := F |p×M1
. Clearly, Hom(Fp ,Gp ) parametrises a fam-
ily of triples of type (I ) such that every closed point in Hom(Fp ,Gp ) cor-
responds to a triple (F
1
,F
2
,A) where F
1
∈ M
1
and F
2
∈ P ′. Note that if E ∈
PExt1(L
1
,L
2
) then Aut (E ) ≃ C∗ whenever L
1
≇ L
2
(see [14, Lemma 4.1]). Let
A,B ∈ PHom(Fp ,Gp ) be two distinct closed points and (F1 ,F2 ,A), (G1 ,G2 ,B )
be the corresponding triples. Then (F
1
,F
2
,A) and (G
1
,G
2
,B ) are non isomor-
phic. This follows from the two facts: if E
1
∈M
1
and E
2
∈ P ′ then Aut (E i )≃C
∗.
If E
1
,E
2
∈ PExt1(L
1
,L
2
) are distinct then E
1
and E
2
are non isomorphic ( [14,
Lemma 3.3]). Let K
1
be the subset of PHom(Fp ,Gp ) whose closed points cor-
respond to the triples (F
1
,G
2
,A) such that rk(A) = 2. Then K
1
is an open
subset in PHom(Fp ,Gp ). Note that by Lemma 2.3, any closed point of K1 is
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semistable. Therefore, by the coarse moduli property of M
12
, we get a mor-
phism iK :K1 →M12 . By the above discussions iK is injective. Clearly, the image
iK (K1) is dense in K
′′ since if (F
1
,F
2
,A) ∈ K ′′ \ iK (K1) then F2 ≃ L1 ⊕L2 for some
L
1
,L
2
∈ Jd
′
2 (X
2
). Therefore, dim(K
1
)= dim(K ′′)
We have dim(M
1
)= 3g
1
−3 and dim(P ′)= 2g
2
−2. Therefore, PHom(Fp ,Gp )=
dim(K
1
)= 3g
1
−3+2g
2
−2+3= 3g
1
+2g
2
−2. Note that P is an dense open subva-
riety of M
12
, therefore dim(P)= dim(M
12
). Now, from the proof of Proposition
3.2, p : P → B is flat with fibres isomorphic to P3 as algebraic varieties. There-
fore, dim(P)= dim(B )+3= 3(g
1
+g
2
)−3. Hence, we have dimM
12
= 3g
1
+3g
2
−3.
Since Codim(K ′,M
12
)= dim(M
12
)−dim(K ′) and dim(K
1
)= dim(K ′′), we see
Codim(K ′,M
12
)= 3g
1
+3g
2
−3−3g
1
−2g
2
+2
= g
2
−1. 
Now we recall a well-known fact (see [5, Lemma 12]).
Lemma 3.4. Let X be a smooth projective variety and k :=Codim(X /U ), where
U be an open subset of X . Then we have H i (X ,Z)≃H i (U ,Z) for all i < 2k −1.
Using the above Lemma and Proposition 3.3 we immediately get the follow-
ing
Proposition 3.5. With the above notations,
(i) H i (M
12
,Z)≃H i (P,Z) for i < 2k −1 where k = g
2
−1.
(ii) H i (M
21
,Z)≃H i (P ,Z) for i < 2k ′−1 where k ′ = g
1
−1.
3.2. Computation of cohomology groups of M
0,ξ
. In this subsection we will
outline the strategy to compute the Betti numbers of the component M
12
(resp.
M
21
) and compute the third cohomology of M
0,ξ
in full details. First we com-
pute the Betti numbers of P (resp. P) using Leray-Hirsh Theorem:
Theorem 3.6. (Leray-Hirsh) Let f : X → Y be a topological fibre bundle with
fibres isomorhic to F . Suppose, e
1
, · · · ,en ∈H
∗(X ) such that H∗(X y ) is freely gen-
erated by i∗
y
e
1
, · · · , i∗
y
en for all y ∈ Y where X y = f
−1(y) and i y : X y → X is the
inclusion. Then H∗(X ) is freely generated as a H∗(Y )-module by e
1
, · · · ,en .
Proposition 3.7. The k-th Betti number bk (P) =
∑
l+m=k
bl (B )bm (P
3) (resp.
bk (P )=
∑
l+m=k
bl (B)bm (P
3).
Proof. Since P and B are both smooth varieties and p : P → B is a submersion
we get p is smooth. Therefore, the fibres of p|P are smooth. From the proof
of Proposition 3.2, it follows that the fibres of p are isomorphic to P3 as alge-
braic varieties. Choose a relatively ample line bundle L over P . Now p
∗
L is
locally free by Zariski Main theorem. Therefore, we get that the dimension of
H0(p−1(b),L|
p−1(b)
) is constant for all b ∈B . Hence, L|
p−1(b)
=O (k) for some k > 0
for all b ∈B . Consider the cohomolgy classes c
1
(L), c
1
(L)2, c
1
(L)3. We denote by
jb : p
−1(b)→ P the inclusion. Then H∗(p−1(b)) is freely generated by j∗
b
c
1
(L),
j∗
b
c
1
(L)2 and j∗
b
c
1
(L)3 for all b ∈B . Thus using Leray-Hirsch theorem we get:
bk (P)=
∑
l+m=k
bl (B )bm (P
3).
where bk (X ) denotes the kth Betti number of a space X . 
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As a corollary of the above Proposition we immediately get:
Corollary 3.8. (i ) b
1
(P)= 0 (resp.b
1
(P )= 0) , (i i ) b
2
(P)= 3 (resp. b
2
(P )= 3) and
(i i i ) b
3
(P)= 2g (resp. b
3
(P )= 2g) where g is the arithmatic genus of X
0
and bi ’s
are the Betti numbers, i = 1,2,3.
Proof. By Lemma 3.1 and the Kunneth formula it follows that b
1
(B )= b
1
(M
1
)+
b
1
(M s
2
) = 0, b
2
(B ) = b
2
(M
1
)+b
2
(M s
2
) = 1+1 = 2 and b
3
(B ) = b
3
(M
1
)+b
3
(M s
2
) =
2g
1
+2g
2
= 2g . Thus by Proposition 3.7 we get b
1
(P)= 0, b
2
(P) = 3 and b
3
(P) =
2g . 
Remark 3.2. By above proposition all the Betti numbers of P can be computed
using the above argument as the Betti numbers of the varities M
1
and M s
2
are
well known (see [5, page 113]).
Let g
1
,g
2
> 3. Then as a consequence of Proposition 3.5 and Corollary 3.8 we
immediately get:
Theorem 3.9. With the notations above,
(1) H1(M
12
)= 0 (resp. H1(M
21
)= 0).
(2) H2(M
12
)≃Q⊕Q⊕Q (resp. H2(M
21
)≃Q⊕Q⊕Q).
(3) H3(M
12
)≃Q2g (resp. H2(M
21
)≃Q2g ).
Remark 3.3. M
12
(resp. M
21
) is a smooth, projective unirational variety by
Lemma 2.4.1. Therefore, by a result of Serre ([20]) M
12
(resp. M
21
) is a simply
connected variety.
3.3. Continuation of the cohomology computation. We haveM
0,ξ
=M
12
∪M
21
.
Let D =M
12
∩M
21
. We will compute the third cohomology group of M
0,ξ
using
Mayer-Vietoris sequence. Before we compute the cohomology group we will
make few more observations.
Let P
1
be the moduli space of rank 2, parabolic semistable bundles (F
1
,0 ⊂
F 2F
1
⊂ F
1
(p)) on X
1
with parabolic weights 0 <
a
1
2 <
a
2
2 < 1 and detF1 ≃ ξ1 .
Let P
2
be the moduli space of rank 2, parabolic semistable bundles (F
2
,0 ⊂
F 2F
2
(p) ⊂ F
2
(p)) on X
2
with parabolic weights 0 <
a
1
2 <
a
2
2 < 1 and detF2 ≃ ξ2 .
By Fact 2.1 (a) any parabolic semistable bundle in P
1
(resp. in P
2
) is parabolic
stable. Therefore, one can show that Pi ’s are smooth, i = 1,2. Since E ∈ Pi
is semistable by Fact 2.1 (b), we get morphisms qi : Pi → Mi , i = 1,2. Let
P s
2
= q−1
2
(M s
2
). Thus we get a morphism q := (q
1
,q
2
) : P
1
×P
2
→M
1
×M
2
such that
q−1(B )= P
1
×P s
2
where B :=M
1
×M s
2
. Now by using the same argument given
in [13, Theorem 6.1] we can show that there is an embedding i : P
1
×P
2
→M
12
such that the image is isomorphic to D. Thus we have a commutative diagram
of morphisms:
P
1
×P
2
i
//
q
%%❑
❑❑
❑❑
❑❑
❑❑
❑
M
12
p
zz✈✈
✈✈
✈✈
✈✈
✈
M
1
×M
2
(3.3.1)
where p is the morphism in Proposition 3.2.
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Let q ′
1
: P
1
→M ′
1
be the morphism defined by E
1
→ E ′
1
and q ′
2
: P
2
→M ′
2
de-
fined by E
2
→ E ′
2
where E ′
i
are the Hecke modifications of E i , i = 1,2 (see Re-
mark 2.1). Then we get another commutative diagram of morphisms:
P
1
×P
2
j
//
q ′ %%❏
❏❏
❏❏
❏❏
❏❏
M
21
p
{{✈✈
✈✈
✈✈
✈✈
✈
M ′
1
×M ′
2
(3.3.2)
where the morphism q ′ :P
1
×P
2
→M ′
1
×M ′
2
is given by the association (E
1
,E
2
) 7→
(E ′
1
,E ′
2
) and p ′ is the morphism in Remark 3.1.
In the following lemma we summarize some topological facts about the
moduli spaces Pi , i = 1,2.
Lemma 3.10. (i ) Pi , i = 1,2, are smooth, projective and rational variety being
P1- bundles associated to algebraic vector bundles over coprime moduli spaces
(see Remark 5.1). In particular, Pi are simply connected and Pic(Pi )≃H
2(Pi ,Z)
for i = 1,2.
(i i ) H1(Pi ,Z) = 0, H
2(Pi ,Z) ≃ Z⊕Z and H
3(Pi ,Z) ≃ Z
2g i for i = 1,2 (follows
from the previous statement).
Lemma 3.11. (1) q∗ :H3(P
1
×P s
2
)≃H3(M
1
×M s
2
).
(2) p∗ :H3(P)≃H3(M
1
×M s
2
).
Proof. (1) From the fact 2.1 (c) it follows that the topological fibre of q : P
1
×
P s
2
→M
1
×M s
2
is P1×P1. Using the similar arguments given in 3.2 and 3.8 we
can show that q is a topological P1 ×P1- bundle satisfying the hypothesis of
the Leray-Hirsch theorem. Thus by Leray-Hirsch theorem q∗ : H3(P
1
×P s
2
) ≃
H3(M
1
×M s
2
).
(2) The proof is already given in 3.8. 
Lemma 3.12. i∗ :H3(P
1
×P
2
)≃H3(M
12
) where i : P
1
×P
2
→M
12
is the inclusion.
Proof. First note that i (P
1
×P s
2
)⊂ P . Therefore, we have-
P
1
×P s
2
i
//
q
%%❏
❏❏
❏❏
❏❏
❏❏
P
p
||①①
①①
①①
①①
①①
M
1
×M s
2
(3.3.3)
By the commutativity of the above diagram we get i∗p∗ = q∗. Since, by Lemma
3.11, p∗ and q∗ are isomorphisms, we get i∗ : H3(P) → H3(P
1
× P s
2
) is an
isomorphism. By an argument given in [1, Proposition 7] we can show that
Codim(K ,P
1
×P
2
)= g
2
−1 where K = P
1
×P
2
\P
1
×P s
2
. Thus, by Lemma 3.4, we
get i∗
1
:H3(P
1
×P
2
)→H3(P
1
×P s
2
) is an isomorphism where i
1
: P
1
×P s
2
→P
1
×P
2
is the inclusion. Also, we have shown i∗
2
: H3(M
12
)→ H3(P) is an isomorphism
where i
2
: P →M
21
is the inclusion. Thus i∗ : H3(M
12
)→ H3(P
1
×P
2
) is an iso-
morphism. 
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It is known the Picard groups Pic(Mi ) (resp. Pic(M
′
i
)), i = 1,2, are isomor-
phic to Z. Let θi (resp. θ
′
i
), i = 1,2, be the unique ample generators of Pic(Mi )
(resp. Pic(M ′
i
)). Let us denote the projections M
1
×M
2
→Mi by si ; the projec-
tions M ′
1
×M ′
2
→M ′
i
by s′
i
and the projections P
1
×P
2
→ Pi by r i , i = 1,2. Then
we immediately get the following relations:
r ∗
1
q∗
1
θ
1
= q∗s∗
1
θ
1
, r ∗
1
q ′∗
1
θ′
1
= q ′∗s′∗
1
θ′
1
,
r ∗
2
q∗
2
θ
2
= q∗s∗
2
θ
2
, r ∗
2
q ′∗
2
θ′
2
= q ′∗s′∗
2
θ′
2
.
Let Θ
1
:= q∗s∗
1
θ
1
, Θ
2
:= q ′∗s′∗
1
θ′
1
, Θ
3
:= q∗s∗
2
θ
2
and Θ
4
:= q ′∗s′∗2 θ
′
2
.
Lemma 3.13. The line bundlesΘi , i = 1, · · ·4 are linearly independent on P1×P2 .
Proof. Note that q∗
1
θ′
1
and q ′∗
1
θ′
1
are linearly independent line bundles over P
1
.
This follows from the observation: The line bundles θ
1
(resp. θ′
1
) is ample over
M
1
(resp. M ′
1
) and M
1
, M ′
1
are normal varieties. Moreover, by Fact 2.1 the fibre
q−1
1
(F ) is isomorphic to P1 for all F ∈M
1
and the fibre q ′−1
1
(F ) is isomorphic to
P1 for all F ∈M ′s
1
. The image of the morphism, inside some projective space,
defined by the linear system corresponding to the sufficiently large power of
q∗
1
θ
1
(resp. q ′∗
1
θ′
1
) will be isomorphic to M
1
(resp. M ′
1
) (this follows by Lemma
5.2). Since M
1
and M ′
1
are not isomorphic we have q∗
1
θ′
1
and q ′∗
1
θ′
1
are linearly
independent. Now r i : P1 ×P2 → Pi are the projection maps, i = 1,2. Therefore,
Θ
1
= r ∗
1
q∗
1
θ
1
andΘ
2
= r ∗
1
q ′∗
1
θ′
1
are linearly independent. Similarly Θ
3
and Θ
4
are
linearly independent. Next we will show that the relation Θ
a
1
1 ⊗Θ
a
2
2 =Θ
a
3
3 ⊗Θ
a
4
4 ,
with all ai non zero will never occur. The above relation would imply r
∗
1
L =
r ∗
2
M where L is a non trivial line bundle on P
1
andM is a nontrivial line bunlde
on P
2
. But this is impossible as r ∗
1
L|
q−1
1
(x)
is trivial but r ∗
2
M |
q−1
1
(x)≃P2
≃M is non
trivial for x ∈ P
1
. From the above observation we conclude that Θi are linealy
independent, i = 1,2,3,4. 
In section 5 we will observe that Pi ’s are rational varieties and Pic(Pi ) ≃
Z⊕Z, i = 1,2. Thus Pic(P
1
×P
2
) ≃ Pic(P
1
)×Pic(P
2
) ≃ Z4. Therefore, the line
bundles Θi generate the picard group Pic(P1 ×P2). Now we will prove the fol-
lowing:
Lemma 3.14. The morphism i∗− j∗ :H2(M
12
)⊕H2(M
21
)→H2(P
1
×P
2
)≃H2(D),
is surjective where i and j are the inclusions in the diagrams 3.3.1, 3.3.2.
Proof. Since Pi are rational varieties, we have c1 : Pic(P1 ×P2)→ H
2(P
1
×P
2
,Z)
is an isomorphism where c
1
is the first chern class homomorphism. By Lemma
3.10 we get Pic(P
1
× P
2
) ≃ H2(P
1
× P
2
,Z) ≃ Z4 Therefore, by Lemma 3.13
H2(P
1
×P
2
) is generated by c
1
(Θ
1
), c
1
(Θ
2
), c
1
(Θ
3
) and c
1
(Θ
4
). From commutative
diagrams 3.3.1 and 3.3.2 we get
Θ
1
= i∗(p∗s∗
1
θ
1
), Θ
2
= j∗(p ′∗s′∗
1
θ′
1
), Θ
3
= i∗(p∗s∗
2
θ
2
) and Θ
4
= j∗(p ′∗s′∗
2
θ′
2
).
Therefore, H2(M
12
)⊕H2(M
21
)→H2(P
1
×P s
2
) is surjective. 
We will now prove the main theorem of this section.
Theorem 3.15. (i ) H2(M
0,ξ
)≃Q2 and (i i ) H3(M
0,ξ
)≃Q2g .
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Proof. By Lemma 3.14, 3.12 and using Mayer-Vietoris sequence we get-
0→H2(M
0,ξ
)→H2(M
12
)⊕H2(M
21
)→H2(D)→ 0.
and
0→H3(M
0,ξ
)→H3(M
12
)⊕H3(M
21
)→H3(D)→ 0.
Now b
2
(M
12
) = b
2
(M
21
) = 2 by Theorem 3.9 and b
2
(D) = b
2
(P
1
×P
2
) = 4 by
Lemma 3.10. Therefore, b
2
(M
0,ξ
)= 2.
Also we have b
3
(M
12
)= b
3
(M
21
)= 2g by Theorem 3.9 and b
3
(D)= b
3
(P
1
×P
2
)=
2g by Lemma 3.10. Therefore, b
3
(M
0,ξ
)= b
3
(M
12
)+b
3
(M
21
)−b
3
(D)= 2g . 
3.4. Hodge structure on H3(M
0
,Z).
Theorem 3.16. The Hodge structure on H3(M
0
,Z) is pure of weight 3 with h
3,0
=
h
0,3
= 0.
Proof. We have the following short exact sequence:
0→H3(M
0,ξ
,C)
r∗
→H3(M
12
,C)⊕H3(M
21
,C)
i∗− j∗
→ H3(D,C)→ 0.
where all the morphisms are the morphism of Hodge structures. Thus Ker (i∗−
j∗) is a pure sub Hodge structure of H3(M
12
,C)⊕H3(M
21
,C) of weight 3. This
induce a Hodge structure of weight 3 on H3(M
0,ξ
,C) as H3(M
0,ξ
,C) is isomor-
phic to Ker (i∗− j∗). Since M
12
and M
21
are smooth unirational varieties (see
Lemma 2.4.1) and their intersection D =M
12
∩M
21
is also a smooth unirational
variety, we have h
3,0
(M
12
) = h
3,0
(M
21
) = 0 and h
3,0
(D) = 0. Hence we conclude
h
3,0
(Ker (i∗− j∗))=h
3,0
(H3(M
0,ξ
,Z))= 0. This completes the proof. 
Remark 3.4. Thus we can define the intermediate Jacobian as in 1.0.1 corre-
sponding to the Hodge structure on H3(M
0,ξ
,Z). We will denote this intermediate
Jacobian by J2(M
0
).
4. DEGENERATION OF THE INTERMEDIATE JACOBIAN OF THE MODULI SPACE
Let pi :X →C be a proper, flat and surjective family of curves, parametrised
by a smooth, irreducible curve C . We assume that X is a smooth variety over
C. Fix a point 0 ∈ C . We assume that pi is smooth outside the point 0 and
pi−1(0) = X
0
where X
0
is a reducible curve with two smooth, irreducible com-
ponents meeting at a node. Fix a line bundle L over X such that the restric-
tion Lt to X t is a line bundle with Euler characteristic χ− (1− g ) for all t ∈C
where g is the genus of X t . We denote the restriction L |X0 by ξ. In Appen-
dix we will show that there is a proper, flat, surjective family pi′ :M
L
→C such
that pi′−1(0)=M
0,ξ
, the moduli space of rank 2, stable torsion free sheaves with
determinant ξ and for t 6= 0, pi′−1(t ) = Mt ,Lt , the moduli space of rank 2 sta-
ble bundles on X t with determinant L t (see Proposition 6.6 and Remark 6.1 in
the Appendix). Moreover, M
L
is smooth over C. Choose a neighbourhood of
the point 0 which is analytically isomorphic to the open unit disk ∆ such that
both the morphisms pi′|
∆∗
and pi|
∆∗
are smooth, ∆∗ :=∆−0. Denote the family
pi′|
∆∗
:pi′−1(∆∗)→∆∗ by {Mt }t∈∆∗ and the family pi|∆∗ :pi
−1(∆∗)→∆∗ by {X t }t∈∆∗ .
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4.0.1. Variation of Hodge structure corresponding to the family {Mt }t∈∆∗ and
{X t }t∈∆∗ . Since pi
′|
∆∗
(resp.pi|
∆∗
) is smooth we get a local system R ipi′
∗
Z (resp.
R ipi
∗
Z) for i ≥ 0, of free abelian groups whose fibre over a point t ∈ ∆∗ is iso-
morphic to H i (Mt ,Z) (resp. H
i (X t ,Z)). Let HZ(M ) := R
3pi′
∗
Z and H
Z
(X ) :=
R1pi
∗
Z. Let H
C
(M ) (resp. H
C
(X )) be the holomorphic bundle over ∆∗ whose
sheaf of section is H
Z
(M )⊗Z O∆∗ (resp. HZ(X )⊗Z O∆∗ ). Then HC(M )(resp.
H
C
(X )) admits a flat connection ∇
M
(resp. ∇
X
). Let T (resp. T ′) be the mon-
odromy operator defined by the flat connection ∇
M
(resp. ∇
X
) corresponding
to the positive generator of pi
1
(∆∗, t
0
). Since the fibre pi′−1(0) (resp. pi−1(0)) is
union of two smooth projective varities intersecting transversally, T (resp. T ′)
is unipotent. It is known that the unipotency index of T is atmost 4 and T ′
is atmost 2 (see [11, Monodromy Theorem page 106]). Recall that there is a
decreasing filtration {F p },p = 0,1,2,3 (resp. {Gq }, q = 0,1) of the holomorphic
vector bundle H
C
(M ) (resp. H
C
(X )) by holomorphic subbundles such that
(1) for each t ∈ ∆∗ the filtration {F p (t )} (resp. {Gp (t )}) gives the Hodge fil-
tration on H
C
(M )(t )=H3(Mt ,C).
(2) the flat connection ∇
M
(resp. ∇
X
) satisfies ∇
M
(F p )⊂ F p−1⊗Ω1
∆∗
(resp.
∇
X
(Gq ) ⊂ Gq−1 ⊗Ω1
∆∗
) where Ω1
∆∗
is the sheaf of holomorphic 1 forms
on ∆∗.
We say the triple (H
C
(M ),F p ,H
Z
(M )) (resp. (H
C
(M ),Gq ,H
Z
(M )) a variation
of Hodge structure corresponding to the local system H
Z
(M ) (resp.H
Z
(X )). Set
V = H
C
(M )/F 2. Then V is a holomorhic vector bundle over ∆∗ of rank 2g .
Since H
Z
(M )(t )∩F 2(t )= (0) for all t ∈∆∗, we get H
Z
(M ) is a cocompact lattice
inside V i.e for each t ∈∆∗ H
Z
(M )(t )⊂V (t ) is a cocompact lattice of rank 2g .
Therefore, we can construct a complex manifold J2∗ :=V /H
Z
(M ) and a proper,
surjective, holomorphic submersion pi
1
: J2 → ∆∗ such that pi−1
1
(t )= J2(Mt ) for
all t ∈ ∆∗. Similarly, we can construct a proper, holomorphic, submerssion
pi′ : J0∗ → ∆∗ such that pi′−1(t ) = J0(X t ). Note that the principal polarisations
{Θ′
t
}
t∈∆∗
, induced by the intersection form (1.0.2), fit together to give a rela-
tive polarisation Θ′ on J2∗. Also the family of Jacobians pi′ : J0∗ → ∆∗ carries
a canonical relative principal polarisation induced by the intersection pairing
on H1(X t ,Z), t ∈∆
∗. We denote this relative polarisation by Θ.
We recall that there is a unique extension H
C
(M ) (resp. H
C
(X )) of the holo-
morphic vector bundle H
C
(M ) such that the extended connection ∇
M
(resp.
∇
X
) is regular singular and the residue N = log (T ) (resp. N ′ = log (T ′)) of ∇
M
(resp. ∇
X
) is nilpotent ((see [7, Page 91-92]). There is also an extension F 2
(resp. G1) of the subbundle F 2 (resp. G1) such that ∇
M
(F 2) ⊂ F 1⊗Ω1
∆
(log (0))
([19], Nilpotent orbit Theorem). Let H
Z
(M ) := j
∗
(H
Z
(M )) (resp. H
Z
(X ) :=
j
∗
(H
Z
(X )) where j : ∆∗ → ∆ is an inclusion. We denote by H(M )(0) (resp.
H(X )(0)) and F
2
(0) (G
1
(0)) the fibre of H
C
(M ) (resp. H
C
(X )) and F
2
(resp.
G
1
) at 0.
4.0.2. Limiting mixed Hodge structure on the fibre H(M )(0) and H(X )(0). In
general the filtration {F p (0)} (resp. {Gq (0)}) does not define a Hodge struc-
ture on H(M )(0) (resp. H (X )(0)). However, it follows that from a theorem
of W Schmid [19] (see [8, Theorem 10] for the statement), for each t ∈ C∗, the
data (tNH
Z
(M )(0),F p (0),Wr ) (resp. (t
N ′H
Z
(X )(0),Gq (0),W ′
r
)) defines a mixed
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Hodge structure (see [8, definition 11] for the definition) where N (resp. N ′) is
the residue of the monodromy operator T
M
(resp.T
M
) andWr (resp. W
′
r
) is the
weight filtration defined by N (resp. N ′) (see also [11]). Thus, in particular, if
the residue of the monodromy operator is trivial then there is no monodromy
weight filtration and we have pure Hodge structure.
In the next lemma we will show that N ′ = 0. As a consequence of this we can
extend the family J0∗→∆∗ to a family J0→∆.
Lemma 4.1. The limiting Hodge structure on H(X )(0) is pure and is isomorphic
to the Hodge structure on H1(X1,C)⊕H1(X2,C).
Proof. Since the singular fiber X
0
is the union of two smooth curves meeting
transversally at a node we have N ′ = 0 (see [11, page 111]). So, in this case,
there is no weight filtration and hence the limiting Hodge structure on H(X )(0)
is pure. Now we have a morphism of MHS, i∗ : H1(X
0
,Z)→ H(X )(0) of (0,0)
type (see [11, Clemens-Schmid I,page 108]). By Local Invariance Cycle Theo-
rem [11, page 108]), it known that:
Ker (N )= Im(i∗).
Since Ker (N ′) = H(0), i∗ is surjecive. Now rk(H1(X
0
,Z)) = 2g = rk(H(X )(0))).
Therefore, i∗ :H1(X
0
,Z)→H (X )(0) is an isomorphism of Hodge structure. (see
[11, page 111]). 
Corollary 4.2. There is a holomorphic family pi
2
: J0 → ∆ extending the family
pi
2
: J0∗→∆∗ such that pi−1
2
(0)= J0(X
0
).
Proof. Since N ′ = 0, we get that G1(0)∩H
Z
(X )(0) = (0). As a consequence
H
Z
(X )(0) is a full lattice inside H
C
(X )(0)/G¯1(0). Thus there is a holomor-
phic family pi
2
: J0(X ) → ∆ extending the family pi
1
: J0∗ → ∆∗ such that
pi−1
2
(0) = V /H
Z
(0) where V := H
C
(0)/F 1(0). By Lemma 4.1, it follows that
pi−1
2
(0)≃ J0(X
0
). 
Next we shall show,
Lemma 4.3. There is an isomorphism φ : H
C
(X )→ H
C
(M ) such that φ(Gq ) =
F q+1 and φ(H
Z
(X ))=H
Z
(M ), q = 0,1.
Proof. Let U be the relative universal bundle over X ∗×
∆∗
M ∗ i.e U
|Xt ×Mt
is the
corresponding universal bundle. Now if we consider (1,3) Kunneth-component
[c
2
(U )|Xt ×Mt
]
1,3
∈ H1(X t ,Z)⊗H
3(Mt ,Z) of c2(U |Xt ×Mt ), then we get a morphism
φt : H1(X t ,Z) → H
3(Mt ,Z), t ∈ ∆
∗ such that φt (Gq (t )) ⊆ F q+1(t ) for q = 0,1
(see [12]). Thus we get a morphism φ : H
Z
(X ) → H
Z
(M ) of local systems,
preserving the Hodge filtrations. Since the filtration {Gq (0)} (resp. {F p (0)}) is
canonically determined by the filtrations {Gq (t )} (resp. {F q (t )})(see [11, The-
orem(Schmid),page 116]), we get a morphism φ0 : H(X )(0)→ H(M )(0) such
that φ0(Gq (0)) ⊆ F q+1(0). Therefore, the morphism φ extends to a morphism
φ : H
C
(X )→ H
C
(M ) such that φ(G¯q ) ⊆ F q+1; further, we have φ∗(Θ′) =Θ (see
[2, Section 5,page 625]). By the Mumford-Newstead theorem [12, Proposition
1, page 1204] we conclude that φ is an isomorphism. 
Now we will state the main theorem of this section:
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Theorem 4.4.
(1) There is a holomorphic family {J2(Mt ,Lt )}t∈∆ of intermediate Jacobians
corresponding to the family {Mt ,Lt }t∈∆ . In other words, there is a surjec-
tive, proper, holomorphic submersion
pi
2
: J2(M
L
)−→∆
such that pi−12 (t )= J
2(Mt ,Lt ) ∀ t ∈∆
∗ :=∆\{0} and pi−12 (0)= J
2(M
0,ξ
). Fur-
ther, we show that there exists a relative ample class Θ′ on J2(M
L
)|∆∗
such that Θ′
|J2(M
t ,Lt
)
= θ′
t
, where Θ′
t
is the principal polarisation on
J2(Mt ,Lt ).
(2) There is an isomorphism
J0(X )
Φ
∼
//
pi
1
""
❉❉
❉❉
❉❉
❉❉
❉
J2(M
L
)
pi
2
{{①①
①①
①①
①①
①
∆
(4.0.1)
such that Φ∗Θ′
|pi−11 (t )
=Θt for all t ∈∆
∗, where pi1 : J0(X )→∆ is the holo-
morphic family {J0(X t )}t∈∆ of Jacobians and Θt is the canonical polari-
sation on J0(X t ). In particular, J
2(M
L
)
0
:=pi−1
2
(0) is an abelian variety.
Proof. Proof of (1): By Lemma 4.3 we get the local system H
Z
(M ) is isomor-
phic to the local system H
Z
(X ) over ∆∗. Since by Lemma 4.1 the local system
H
Z
(X ) has trivial monodromy, therefore the local system H
Z
(M ) also has triv-
ial monodromy. Hence N = 0. Thus we have F 2(0)∩H
Z
(M )(0)= (0). As a con-
sequence we have a holomorphic family pi
1
: J2(M
L
)→ ∆ extending the fam-
ily pi
1
: J2∗→ ∆∗ such that pi−1(0) = V ′/H
Z
(M )(0) where V ′ = H
C
(M )(0)/F
2
(0).
Now we claim: pi−1
1
(0) ≃ J2(M
0,ξ
). By Theorem 3.16, we see that the Hodge
structure on H3(M
0,ξ
,Z) is pure and it has rank 2g . Now there is a morphism
i∗ : H3(M
0,ξ
,Z) → H
M
(0) of MHS of (0,0) type and Ker (N ) = Im(i∗). Since
Im(N ) = 0 and both the Hodge structures have the same rank 2g , H
Z
(M )(0)
and H3(M
0,ξ
,Z) are isomorphic as Hodge structures. This completes the proof
of (1).
Proof of (2): This immediately follows from Lemma 4.3. 
As a corollary of the theorem we get the following result:
Corollary 4.5. Let X
0
be a projective curve with exactly two smooth irreducible
components X1 and X2 meeting at a simple node p. We further assume that
g i > 3, i = 1,2. Then, there is an isomorphism J
0(X
0
)≃ J2(M
0,ξ
), where ξ ∈ Jχ(X
0
).
In particular, J2(M
0,ξ
) is an abelian variety.
Proof. By our genus assumption: g i > 3 for i=1,2, the curve X0 is stable i.e, they
have finite number of automorphisms. As the moduli space of stable curves
is complete, we get an algebraic family r : X → P1 such that r−1
1
(t ) is smooth
if t 6= t
0
and r−1
1
(t
0
) = X
0
. Moreover, we can choose X to be regular over C.
Therefore, by Theorem 4.4, we get J2(M
0,ξ
)≃ J(X
0
). Hence, J2(M
0,ξ
) is an abelian
variety. 
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5. TORELLI TYPE THEOREM FOR THE MODULI SPACE OF RANK 2 DEGREE 1
FIXED DETERMINANT TORSION FREE SHEAVES OVER A REDUCIBLE CURVE
In this section our goal is to investigate the moduli space M
0,ξ
more carefully,
and show that we can actually recover the curve X0 i.e both the components as
well as the node, from the moduli space M
0,ξ
following a strategy given in [3].
Let pi : X˜0 → X0 be the normalization map and pi−1(p) = {x1 ,x2 }, where
p ∈ X
1
∩X
2
. Note that X˜
0
= X
1
⊔X
2
, the disjoint union of X
1
and X
2
. Fix a line
bundle ξ on X
0
and let ξi = ξ|Xi , i = 1,2. Recall that that the moduli space M0,ξ
of rank 2 stable torsion free sheaves with determinant ξ over X0 is the union of
two irreducible, smooth, projective varieties intersecting transversally along a
divisor D. We have also observed that D is isomorphic to the product P1×P2,
where P
1
is the moduli space of rank 2 parabolic semistable bundles (F
1
,0 ⊂
F 2F
1
(x
1
)⊂ F
1
(x
1
)) over X1 with det ≃ ξ1 and weights (
a
1
2 ,
a
2
2 ), and P2 is the mod-
uli space of rank 2 parabolic semistable bundles (F
2
,0⊂ F 2F
2
(x
2
)⊂ F
2
(x
2
)) over
X2 with det ≃ ξ2 and weights (
a
1
2 ,
a
2
2 ), where a = (a1 ,a2) is the polarisation on
X
0
. Without loss of generality, we can assume that deg (ξ
1
)= 1 and deg (ξ
2
= 0.
Let M
1
(resp. M ′
1
) be the moduli space of rank 2, deg 1, semistable bundles
over X1 with det E ≃ ξ1 (resp. moduli space of rank 2, deg 0 semistable bundles
over X
2
with detE ≃ ξ
1
(−x
1
)).
Note that Pic(M
1
) ≃ Z (resp. Pic(M ′
1
) ≃ Z). Let θ
1
(resp. θ′
1
) be the unique
ample generator of Pic(M
1
) (resp. of Pic(M ′
1
)). It is known that there exists a
unique rank 2 bundle E over X
1
×M
1
such that ∧2Ex1
≃ θ
1
, where Ex1
:= E
|x1×M1
(see [18, Definition 2.10]). Since the weights 0 <
a
1
2 ,
a
2
2 < 1 are very small, we
can show that: P
1
≃ P(Ex1
) (see [1, Proposition 6]). Therefore, it follows that
Pic(P
1
)≃ Pic(M
1
)⊕Pic(P1)≃Z⊕Z.
We define amorphism pi′1 :P(Ex1
)→M ′
1
as follows: Any closed point of P(Ex1
)
over E ∈M
1
looks like {E ,V (x
1
)}, where V (x
1
) is a one dimensional subspace of
the fibre E (x
1
). Consider the vector bundle V which fits into the following exact
sequence
0→V → E→ (ix1 )∗ (E (x1)/V (x1))→ 0. (5.0.1)
As E (x
1
)/V (x
1
) is 1-dimensional vector space supported over the point x
1
, it
follows that det (V )≃ ξ
1
(−x
1
). We can easily check that V is semistable (see [1,
page 11]).
Thus we get a Hecke correspondence:
P(Ex1
)
pi′1
//
pi1

M ′
1
M
1
(5.0.2)
Similarly, let M
2
(resp. M ′
2
) be the moduli space of rank 2, deg 1 semistable
bundles over X2 with detE ≃ ξ2(x2) (resp. the moduli space of rank 2, deg 0
semistable bundles over X2 with detE ≃ ξ2).
Let θ
2
(resp. θ′
2
) be the unique ample generator of Pic(M
2
) (resp. Pic(M ′
2
)).
Then there is a unique universal bundle E ′ over X2×M2 such that ∧
2E ′
x2
≃ θ
2
where E ′
x2
:= E ′
|x2×M2
.
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Again, for the choice of weights 0 <
a
1
2
,
a
2
2
< 1, we have P2 ≃ P(E ′x2 ) and we
have a Hecke correspondence as in the previous case:
P(E ′
x2
)
pi′2
//
pi2

M ′
2
M
2
(5.0.3)
So, we have the following:
P(Ex1
)×P(E ′
x2
)
p
1
// P(Ex1
)
pi1

pi′1
// M ′
1
M
1
(5.0.4)
and
P(Ex1
)×P(E ′
x2
)
p
2
// P(E ′
x2
)
pi2

pi′2
// M ′
2
M
2
(5.0.5)
Remark 5.1. Note that M
1
and M
2
are smooth ,projecive, rational varieties. Now
P
1
(resp. P
2
) is isomorphic to the projective bundle P(Ex1 ) (resp. P(E
′
x2
)). There-
fore, Pi ’s are rational varieties, i = 1,2.
For the rest of the section we will fix the following notations:
ϑ
1
:= (pi1 ◦p1)
∗θ
1
, ϑ
2
:= (pi′1 ◦p1)
∗θ′
1
,
ϑ
3
:= (pi2 ◦p2)
∗θ
2
, ϑ
4
:= (pi′2 ◦p2)
∗θ′
2
.
Proposition 5.1. The numerically effective cone of P
1
×P
2
is generated by the
line bundles ϑi , i = 1,2,3,4.
Proof. Clearly, ϑi , i = 1, · · · ,4 are numerically effective (nef) line bundles as
they are the pull backs of the ample line bundles. First we show that ϑi ,
i = 1, · · · ,4, are linearly independent. Note that pi∗
1
θ
1
and pi′∗
1
θ′
1
are linearly
independent over Z (see the proof of [3, page 4, Theorem 2.1] for an argu-
ment). Therefore, ϑ
1
= p∗
1
pi∗
1
θ
1
and ϑ
2
:= p∗
1
pi′∗θ′
1
are linearly independent.
By similar reason ϑ
3
and ϑ
4
are linearly independnt. Now we show that the
relation ϑ
a
1
1 ⊗ϑ
a
2
2 = ϑ
a
3
3 ⊗ϑ
a
4
4 for some ai 6= 0,i = 1, · · ·4 will not occur. Sup-
pose, ϑ
a
1
1 ⊗ ϑ
a
2
2 = ϑ
a
3
3 ⊗ ϑ
a
4
4 . Then this would imply p
∗
1
(pi∗
1
θ
1
a
1 ⊗ pi′∗
1
θ′
1
a
2 ) =
p∗
2
(pi∗
2
θ
2
a
3 ⊗pi′∗
2
θ′
2
a
4 ). But this is impossible for the following reason: The line
bundle p∗
1
(pi∗
1
θ
1
⊗pi′∗
1
θ′
1
) is trivial on the fibres of p
1
. But as the fibres of p
1
are
P
2
and pi∗
2
θ
2
⊗pi′∗
2
θ′
2
is a non trivial line bundle on P
2
we get p∗
2
(pi∗
2
θ
2
⊗pi′∗
2
θ′
2
) is
non trivial on the fibres of p
1
. From the above observation, it follows that ϑi ,
i = 1, · · ·4 are linearly independent. Since P
1
and P
2
are both rational varieties
we get Pic(P
1
×P
2
)≃ Pic(P
1
)×Pic(P
2
)≃Z4. Therefore, any nef line bundle on
P
1
×P
2
is a non negative linear combination of ϑ
1
, ϑ
2
, ϑ
3
, ϑ
4
.
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Next we show that
4⊗
i=1
ϑ
ai
i is ample if ai > 0 for all i = 1, . . . ,4. It is enough to
show that
4⊗
i=1
ϑi is ample. We observe that pi
∗
1θ1 ⊗pi
′∗
1 θ
′
1
(resp. pi∗2θ2 ⊗pi
′∗
2 θ
′
2
) is
ample on P
1
(resp. on P2)(see the proof of [3, Theorem 2.1, page 4, 3rd para-
graph]). Therefore ,
4⊗
i=1
ϑi is ample on P1 ×P2 .
Finally, we have to show
4⊗
i=1
ϑ
ai
i is not ample if ai = 0 for some i . Now fix
j ∈ {1, . . . ,4} such that a j = 0. Then
4⊗
i=1
i 6= j
ϑi is not ample as it is the pull back of an
ample line bundle from Pk×Ml or Pk×M
′
k
for l ,k ∈ {1,2}, k 6= l . Next we observe
that if i ∈ {1,2} and j ∈ {3,4}, then ϑi ⊗ϑ j is not ample. Since in this case it is
pull back of an ample line bundle from Mk×Ml or M
′
k×M
′
l
for k , l ∈ {1,2}, k 6= l .
We have already observed that ϑ
1
⊗ϑ
2
and ϑ
3
⊗ϑ
4
is not ample.
So, from the above observations, we conclude the proposition. 
Lemma 5.2. Let f : X → Y be a projective morphism with Y, a normal variety.
Suppose, each fibre of f is a rational variety. Let L be a line bundle on Y then
H0(X , f ∗L)≃H0(Y ,L).
Proof. Since the fibres of f are connected and Y is normal we have OY ≃ f∗OX .
Thus L ≃ f
∗
f ∗L. Since all the fibres of f are rational we get H i (X y ,L y ) =
H i (X y ,OXy )= 0 for all i > 0. Hence H
0(X , f ∗L)≃H0(Y , f
∗
f ∗L)=H0(Y ,L) 
Remark 5.2. Note that pi∗1θ1⊗pi
′∗
1 θ
′
1 (resp. pi
∗
2θ2⊗pi
′∗
2 θ
′
2) is ample on P1 (resp. on
P
2
) (see the proof of 5.1). Now ϑ1⊗ϑ2 = p∗1 (pi
∗
1θ1⊗pi
′∗
1 θ
′
1) and ϑ3⊗ϑ4 = p
∗
1
(pi∗1θ3⊗
pi′∗1 θ
′
4). Since P1 and P2 are both rational varaities, by Lemma 5.2, the image of
the morphism |(ϑ1 ⊗ϑ2)n | : P1 ×P2 → PN is isomorphic to P1 for some n ≫ 0.
Similarly, the image of the morphism (ϑ3⊗ϑ4)m : P1×P2→PM is isomorphic to
P2 for some m≫ 0.
Lemma 5.3. Let θ be a nef but not ample line bundle on P1 ×P2 (i.e, θ lies
in the boundary of the nef cone of P
1
×P
2
) and θ 6= ϑa1 ⊗ϑ
b
2 or ϑ
c
3⊗ϑ
d
4 , where
a,b,c and d are some positive integers. Let Z be the image of the morphism
P1×P2→PN
′
induced by the linear system |θn | for some large n. Then we have
dim(Z ) 6= dim(Pi ) for i = 1,2.
Proof. Assume that θ 6=ϑ1⊗ϑ2 or ϑ3⊗ϑ4. Then θ is either of the form
⊗
i 6= j
ϑi for
i , j ∈ {1, . . . ,4} or ϑi ⊗ϑ j for i ∈ {1,2} and j ∈ {3,4} (see the proof of 5.1).
Fix j ∈ {1,2,3,4}. If θ is of the form
4⊗
i=1
i 6= j
ϑi , then the image Z of the morphism
|θn |, for sufficiently large n, is either isomorphic to Pk ×Ml or Pk ×M
′
l
for k , l ∈
{1,2}, k 6= l .
If θ is of the form ϑi ⊗ϑ j then the image Z of the morphism |θ
n | is either
isomorphic to Mk ×Ml or Mk ×M
′
l
, for k , l ∈ {1,2}, k 6= l . In both the cases we
see dim(Z ) 6= dim(Pi ) and hence we are done. 
Now we prove the main theorem of this section:
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Let X
0
(resp. Y
0
) be a reducible curve with two components X
1
, X
2
(resp.
Y
1
, Y
2
) meeting transversally at a point p (resp. q). Let pi
1
: X˜
0
→ X
0
(resp.
pi
2
: Y˜
0
→ Y
0
) be the normalisation map and pi−1
1
(p) = {x
1
,x
2
}, pi−1
2
(q) = {y
1
, y
2
}.
We will make the following assumption on the components of X
0
and Y
0
.
• g (X i )= g (Yi )≥ 2 for i = 1,2.
• X
1
≇ X
2
(resp. Y
1
≇ Y
2
).
Fix ξX0 ∈ J
χ(X
0
) (resp. ξY0 ∈ J
χ(Y
0
)). Let M
0,ξX0
(resp. M
0,ξY0
) be the mod-
uli space of rank 2, a = (a
1
,a
2
)-stable torsion free sheaves with detE ≃ ξX0
(resp.detE ≃ ξY0 ) on X0 (resp. on Y0). Let D ⊂M0,ξX0
(resp. D ′ ⊂M
0,ξY0
) be the
singular locus of M
0,ξX0
(resp. M
0,ξY0
) and Pi (resp. P
′
i
) be the parabolic mod-
uli spaces, described before, with parabolic structure over xi (resp. yi ). Then
D ≃ P
1
×P
2
and D ′ ≃ P ′
1
×P ′
2
. Now we have the following Torelli type theorem.
Theorem 5.4. If M
0,ξX0
≃M
0,ξY0
then we have X
0
≃ Y
0
.
Proof. Let Ψ : M
0,ξX0
≃M
0,ξY0
be an isomorphism. Then Ψ(D) = D ′ as D is the
singular locus of M
0,ξ
. Therefore, Ψ induces an isomorphism Ψ : P
1
×P
2
≃ P ′
1
×
P ′
2
. Now if we can show that the above statement will imply Pi ≃ P
′
σ(i )
for i ∈
{1,2} and σ is a permutation on {1,2}. Then by [3, Theorem 2.1], we get an
isomorphism f i : X i → Yσ(i ) such that f i (xi ) = yσ(i ). Hence, we get X0 ≃ Y0 . We
will show that if Ψ :P
1
×P
2
≃ P ′
1
×P ′
2
, then Pi ≃ P
′
σ(i )
.
Let ς1, ς2, ς3, ς4 be the generators of the nef cone of P ′1×P
′
2 as in Proposition
5.1. Let N := ς1⊗ς2 and N ′ := ς3 ⊗ς4 . Then Ψ
∗N , Ψ∗N ′ lie in the boundary of
the nef cone of P1×P2. Note that, for sufficiently large n,m, the image of the
morphism |Ψ∗Nn| is isomorphic to P ′
1
and the image of the morphism |Ψ∗N ′m|
is isomorphic to P ′
2
.
Now we claim that Ψ∗(N )= ϑa
1
⊗ϑb
2
or ϑc
3
⊗ϑd
4
for some a,b,c ,d > 0. Other-
wise, by Lemma 5.3, the dimension of the image of |Ψ∗(N )n| will be different
from the dimension of P ′
1
. Suppose that Ψ∗(N ) = ϑa
1
⊗ϑb
2
for some a,b > 0.
Then, by our assumption Y
1
≇ Y
2
, we have Ψ∗(N ′) = ϑc
3
⊗ϑd
4
for some c ,d > 0.
Therefore, by Remark 5.2, for sufficiently large n,m≫ 0, the images of the mor-
phisms defined by the linear systems |Ψ∗Nn| and |Ψ∗N ′m | will be isomorphic
to P
1
and P
2
. Hence, we have isomorphisms Φ
1
:P1→P ′1 and Φ2 : P2 → P
′
2
such
that the following diagrams commute:
P1×P2
Ψ
//
|Ψ∗(N)n |

P ′1×P
′
2
|Nn |

P1
Φ
1
// P ′1
(5.0.6)
P1×P2
Ψ
//
|Ψ∗(N ′)m |

P ′1×P
′
2
|N ′m |

P2
Φ
2
// P ′2
(5.0.7)
Therefore, by [3, Theorem 2.1], there is an isomorphism f
1
: X
1
→ Y1 such
that f
1
(x
1
)= y
1
and an isomorphism f
2
: X2→ Y2 such that f2(x2)= y2 .
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Suppose thatΨ∗(N )=ϑc
2
⊗ϑd
4
, c ,d > 0. Then, by similar arguments as above,
we can show that P
2
≃ P ′
1
and P
1
≃ P ′
2
. Therefore, there is an isomorphism
f ′
1
: X
2
→ Y
1
such that f ′
1
(x
2
) = y
1
and an isomorphism f ′
2
(x
1
) = y
2
Hence, we
conclude X0 ≃ Y0. This completes the proof. 
6. APPENDIX
In this section we will continue with the notations of the preleminary sec-
tion. Fix an ample line bundle OX0
(1) on X
0
. Let ci = deg (OX0 (1)|Xi ), and
ai =
ci
c
1
+c
2
, i = 1,2. Let S(r,χ) be the set of all rank r , a = (a
1
,a
2
) semistable
torsion free sheaves on X
0
with Euler charachteristic χ. Note that the Hilbert
polynomial P(E ,n)= (c
1
+ c
2
)n+χ(E ) for all E ∈ S(r,χ) (this can be easily com-
puted from equation (2.1.3)).
Lemma 6.1. ([13, Septieme Partie]) There exists an integer m
0
such that-
(1) H1(F (m))= 0 for all F ∈ S(r,χ) and m ≥m
0
(2) F (m) is globally generated by its sections for all F ∈ S(r,χ).
6.1. Moduli space of rank 1 torsion free sheaves over a reducible nodal curve.
In this subsection we prove that the moduli space of rank 1,semistable torsion
free sheaves with respect to certain choice polarisation is isomorphic to the
product of the Jacobians.
6.1.1. Euler Characteristic bounds for rank 1 semistable sheaves. Fix three inte-
gers χ 6= 0, χ
1
and χ
2
6= 1 with χ > χi such that χ = χ1 +χ2 − 1. Let OX0 (1) be
an ample line bundle such that deg (OX0 (1)|X1 )= χ1−1 and deg (OX0 (1)|X2 )=χ2 .
Since χ= χ
1
+χ
2
−1, the Hilbert polynomial P(L,n)= (n+1)χ for all L ∈ S(1,χ).
Let b
1
=
χ
1
−1
χ
and b
2
=
χ
2
χ
. In this subsection whenever we say a semistable
rank 1 torsion free sheaf we assume the semistability with respect to the polar-
isation b = (b
1
,b
2
).
Lemma 6.2. Let L ∈ S(1,χ) and (L
1
,L
2
,λ) ∈
→
C be the unique triple representing L.
Then χ(L i ), the Euler characteristic of L i , satisfy the following:
χ
1
≤ χ(L
1
)≤χ
1
+1, χ
2
−1≤χ(L
2
)≤ χ
2
.
Moreover if L is semistable and non locally free then we have χ(L
1
) = χ
1
and
χ(L
2
)= χ
2
.
Conversely, suppose L be a rank 1 torsion free sheaf with χ(L i ) satisfy the
above conditions then L ∈ S(1,χ).
Proof. By Lemma [13, Lemma 5.2] we can easily derive the following: if L is a
rank 1,locally free and (L
1
,L
2
,λ) ∈
→
C be the unique triple representing L then we
only have to check the semistability condition for the subtriples (L
1
(−p),0,0)
and (0,L
2
,0). If L is a rank 1, non locally free sheaf and (L
1
,L
2
,0) be the triple
representing L then we only have to check the semistability for the subtriples
(L
1
,0,0) and (0,L
2
,0). Now by using the definition of semistability (see 1) we
immediately get the above Lemma. 
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Fix an integer m ≥m
0
such that Lemma 6.1 holds for all F ∈ S(1,χ) and let
P(n)= (n+1)χ. LetQ(1,χ) be the Quot scheme parametrising all coherent quo-
tients
O⊕p(m)
X0
→ L→ 0
with Hilbert polynomial P(n) and U 1 be the universal quotient sheaf of
O
⊕p(m)
X0×Q(1,χ)
on X
0
×Q(1,χ). Let R(1,χ)ss be the open subset of Q(1,χ) such that
if q ∈ R(1,χ)ss then U 1
q
:=U 1|X0×q
is a rank 1 semistable torsion free quotient
and the natural map
H0(OX0×q )→H
0(U 1
q
)
is an isomorphism. Note that if L ∈ S(1,χ) then ,by Lemma 6.1, L(m) is globally
generated. Thus L(m) is a quotient of a trivial sheaf of rank p(m) := h0(L(m))
and the natural map H0(O
⊕p(m)
X0
) → H0(L(m)) is an isomorphism. Therefore
L(m) ≃ U 1
q
for some q ∈ R(1,χ)ss . The group GL(p(m)) acts on Q(1,χ) and
R(1,χ)ss is invariant under the action of GL(p(m)). Moreover, the action of
GL(p(m)) goes down to an action of PGL(p(m)). By a general result in (see [21,
Septieme partie,III, Theorem 15]) the good quotient R(1,χ)ss Ë PGL(p(m)) ex-
ists as a reduced, projective scheme. Let R
0
be the open subset of R(1,χ)ss
consisting of only rank 1, locally free sheaves. Then R
0
= R
1
⊔ R ′
1
where R
1
consists of those rank 1 locally free sheaves L such that χ(L
1
) = χ
1
, χ(L
2
) = χ
2
and R ′
1
consists of those rank 1 locally free sheaves L such that χ(L
1
) = χ
1
+1,
χ(L
2
)= χ
2
−1. Let Jχi (X i ) be the Jacobian of isomorphism classes of line bun-
dles over X i with Euler characteristic χi , i = 1,2. With these notations the main
theorem of this subsection is:
Theorem 6.3. The good quotient R(1,χ)ss Ë PGL(p(m)) is isomorphic to
Jχ1 (X
1
)× Jχ2 (X
2
).
Proof. Let q : R(1,χ)ss → R(1,χ)ss Ë PGL(p(m)) be the quotient map. Note
that, since Hom(L,L) = C for all L ∈ R
1
, PGL(p(m)) acts freely on R
1
. More-
over, R
1
is smooth and irreducible. Therefore, the quotient R
1
/PGL(p(m))
is smooth and irreducible (see [9, Corollary 4.2.13]). Claim 1: The quotient
q(R
1
)=R
1
/PGL(p(m)) is isomorphic to Jχ1 (X
1
)× Jχ2 (X
2
).
To see this consider U over X
0
× R
1
. Then U is locally free and hence
U i =U |Xi ×R1
is locally free. Moreover, χ(U i |Xi ×q
)= χi , i = 1,2. Thus by the uni-
versal property of Jχi (X i ) we get a morphism f i : R1 → J
χi , i = 1,2. Therefore,
we get a morphism f = ( f
1
, f
2
) : R
1
→ J
0
= Jχ1 (X
1
)× Jχ2 (X
2
). Clearly, this mor-
phism is PGL(p(m))-invariant and the fibres of this morphism are isomorphic
to the orbits of the PGL(p(m)) action. Therefore, we get a bijective morphism
R
1
/PGL(p(m))→ J
0
. Since R
1
/PGL(p(m)), J
0
are integral and J
0
is smooth, we
have R
1
/PGL(p(m)) is isomorphic to the variety J
0
= Jχ1 (X
1
)× Jχ2 (X
2
). Claim 2:
We have an equality:
R
1
/PGL(p(m))=R(1,χ)ss Ë PGL(p(m).
Note that Claims 1 and 2 together prove the theorem.
Let [L
0
] ∈ R(1,χ)ss Ë PGL(p(m) where [] is orbit closure equivalence class.
Then we want to show there is a L ∈ R
1
such that q(L) = [L
0
]. In other words
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the orbit closure O(L) intersects the orbit closure O(L
0
). Suppose, L
0
is lo-
cally free with χ(L
0
|Xi
) = χi , i = 1,2 then there is nothing to prove. So we as-
sume that L
0
is a rank 1 torsion free but non-locally free sheaf. Then as L
0
is semistable, by Lemma 6.2, we get χ(L i ) = χi , i = 1,2 where (L1 ,L2 ,0) ∈
→
C is
the unique triple representing L
0
. Let L be the rank 1 locally free sheaf corre-
sponding to the triple (L
1
,L
2
,λ) ∈
→
C where λ : L1(p)→ L2(p) is an isomorphism.
We will show now the orbit closure O(L) intersects the orbit O(L
0
). For this, let
p i : X i ×A
1→ X i , i = 1,2, be the two projections. We again denote the pullback
p∗
i
L i by L i . Since L i , i = 1,2, are free OA1 -module, we can choose a OA1 -module
homomorphism λ : L
1
|
p×A1
→ L
2
|
p×A1
such that λ(t ) : L
1
(p, t )→ L
2
(p, t ) is an iso-
morphism for all t 6= 0 and λ(0) = 0. Let G be the graph of the morphism λ
in L
1
|
p×A1
⊕ L
1
|
p×A1
and G ′ :=
L
1
|
p×A1
⊕L
2
|
p×A1
G . Let L := Ker (L1 ⊕ L2 → G
′) over
X
0
×A1. Now L
1
⊕L
2
and G ′, being free O1
A
-module, are flat over A1. Therefore,
L is flat over A1. We also see that Lt is the torsion free sheaf corresponding
to the triple (L
1
,L
2
,λ(t )). Therefore, Lt ≃ L for all t 6= 0 and L0 ≃ L0 . Note that,
as Lt ∈ R(1,χ)
ss for all t ∈ A1, H1(Lt ) = 0 and Lt is globally generated for all
t ∈ A1. By semicontinuity theorem, we get p
2∗L is locally free sheaf of rank
p(m) on A1. Since any locally free sheaf on A1 is free, p
2∗L ≃ OA1
⊕p(m). Thus
we get a quotient
O⊕p(m)
X0×A
1
≃ p∗
2
p
2∗L →L → 0.
such that H0(Op(m)X0×t )→H
0(Lt ) is an isomorphism for all t ∈A
1. Hence we get a
morphism φ :A1→R(1,χ)ss such that φ∗U 1 ≃L . Since Lt ≃ L for all t ∈A
1−0,
φ(A1−0) lies in the PGL(p(m)) orbit of L and φ(0)= L
0
. Therefore, L
0
is in the
orbit closure of L. Clearly, χ(L i )= χ(L i |Xi )= χi , i = 1,2. Thus L ∈ R1 and we are
done.
Finally suppose, L
0
is rank 1, locally free sheaf such that χ(L
1
) = χ
1
+1 and
χ(L
2
)= χ
1
−1 where (L
1
,L
2
,λ), λ : L
2
(p)→ L
1
(p) an isomorphism, is the unique
triple representing L
0
. Let L is the rank 1 locally free sheaf represented by
(L
1
(−p),L
2
(p),λ) ∈
→
C . Then the orbit closure O(L0) intersects the orbit closure
O(L) in R(1,χ)ss . This easily follows from the observation: The torsion free
sheaf L′ represented by the triple (L
1
,L
2
,0) ∈
←
C is in the orbit closure of L0 .
Note, by Remark 2.1, L′ is isomorphic to the torsion free sheaf represented by
(L
1
(−p),L
2
(p),0) ∈
→
C . Thus , by Lemma 6.2, L′ is semistable and is also in the
orbit closure of L. Thus given any [L
0
] ∈R(1,χ)ss Ë PGL(p(m) we have seen that
there is a L ∈R
1
such that q(L)= [L
0
].

6.2. Determinant morphism. Fix an odd integer χ and a polarisation (a
1
,a
2
)
on X
0
such that a
1
χ is not an integer. We also fix an integer m′ such that
Lemma 6.1 holds for all E ∈ S(2,χ) . LetQ(2,χ) be the Quot scheme parametris-
ing all coherent quotients
O⊕p(m
′)
X0
→ E→ 0
and U 2 be the universal quotients sheaf of O
⊕p(m′)
X0×Q(2,χ)
on X
0
×Q(2,χ). Let R(2,χ)ss
be the open subset of Q(2,χ) such that if q ∈ R(2,χ)ss then U 2
q
:=U 2|X0×q
is a
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rank 2 semistable torsion free quotient and the natural map
H0(OX0×q )→H
0(U 1
q
)
is an isomorphism. The moduli space M (2,a,χ) is isomorphic to the quo-
tient R(2,χ)ss/PGL(p(m′)). Let M
12
and M
21
be the two smooth components
of M (2,a,χ). Let M0
12
⊂ M
12
(resp. M0
21
⊂ M
21
) be the open subvariety of M
12
(resp. M
21
) consisting of isomorphism classes of rank 2 semistable locally free
sheaves.
Proposition 6.4. There exists a determinant morphism det : M (2,a,χ) →
Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
) where χ′
i
= χi − (1− g i ), i = 1,2.
Proof. Let R
2
be the open subset of R(2,χ)ss such that for all q ∈ R
2
, Uq is rank
2 semistable locally free and χ(Uq |Xi
)= χi , i = 1,2. Then M
0
12
≃ R
2
/PGL(p(m′).
Let R
1
be the open subset of R(1,χ′)ss , where χ′ := χ− (1− g ), such that for
all q ∈ R
1
, U 1
q
is rank 1, semistable locally free and χ(U 1
q
|Xi
) = χi − (1− g i ),
i = 1,2. Let us restrict the universal quotient sheaf U 2 on X
0
× R
2
. Then
U 2 is a rank 2 locally free shef on X
0
× R
2
such that U 2
q
is semistable and
χ(U 2
q
|Xi ) = χi for all q ∈ R2 , i = 1,2. Thus ∧
2U 2 is a flat family of rank 1 lo-
cally free sheaves on X
0
×R
2
such that χ(∧2U 2
q
|Xi ) = χi − (1− g i ) for all q ∈ R2 ,
i = 1,2. By Lemma 6.2 ∧2U 2
q
is semistable for all q ∈ R
2
. By Lemma 6.1 there
exists an integer m such that H1(∧2U 2
q
(m)) = 0 and ∧2U 2
q
(m) is globally gen-
erated for all q ∈ R
2
. Therefore, there is an open covering {Ui } of R2 and mor-
phisms deti :Ui → R1 such that, for any non-empty open set Ui j :=Ui ∩U j if
we denote by deti j = deti |Ui j , then there exists g ∈ PGL(n)(Ui j ) with the prop-
erty deti j = gdet j i , where n = h
0(∧2U 2
q
(m)). Therefore, we get a well-defined
morphism det : R
2
→ R
1
/PGL(n) = Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
). Since M
12
is a smooth
projective variety and J
0
is an abelian variety the morphism det0
1
extends to
a morphism det
1
: M
12
→ J
0
:= Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
). By similar arguments we get
a morphism det
2
: M
21
→ J ′
0
:= Jχ
′
1
+1(X
1
)× Jχ
′
2
−1(X
2
). Let F ∈ M
12
∩M
21
. Then
F is represented by a unique triple (F
1
,F
2
,A) ∈
→
C where rk(A) = 1. F is also
represented by another triple (F ′
1
,F ′
2
,B ) ∈
←
C such that Fi and F
′
i
are related by
the diagram in Remark 2.1. Note that ∧2F ′
1
≃ ∧2F
1
(p) and ∧2F ′
2
≃ ∧2F
2
(−p).
Claim det
1
(F ) = (∧2F
1
,∧2F
2
) and det
2
(F ) = (∧2F ′
1
,∧2F ′
2
). First we construct a
flat family F over X ×A1 such that Ft is rank 2, semistable locally free sheaf
for all t 6= 0 and F
0
≃ F . Moreover, Ft |X1 ≃ F1 and Ft |X2 ≃ F2 for all t 6= 0 (this
can be done using the similar construction given in the proof of Theorem 6.3).
Thus we get a morphism φ :A1→M
12
such that φ(A1−0) ⊂M0
12
and φ(0) = F .
Denote the restriction of F over X
0
×(A1−0) by F ′. Then ∧2F ′ induces a mor-
phism ∧2φ :A1−0→ J
0
. Since Ft |Xi
≃ Fi , i = 1,2, we get ∧
2F ′
t
≃ L for all t 6= 0
where L is the line bundle represented by the triple (∧2F
1
,∧2F
2
,λ). Thus ∧2φ
is constant for all t 6= 0. Thus ∧2φ extends as a constant morphism over whole
A1 and ∧2φ(t ) = (∧2F
1
,∧2F
2
) for all t ∈ A1 . Clearly, det
1
(φ(t )) = ∧2φ(t ) for all
t ∈A1. By similar arguments we can show that det
2
(F )= (∧2F ′
1
,∧2F ′
2
). Now we
define a morphism det :M (2,a,χ)→ J
0
in the following way:
det (F ) := det
1
(F ) if F ∈M
12
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det (F ) := f −1(det
2
(F )) if F ∈M
21
where f : J
0
→ J ′
0
is an isomorphism defined by the association (L
1
,L
2
) →
(L
1
(p),L
2
(−p)). By the above discussion clearly, det is a well defined mor-
phism. 
Proposition 6.5. The fibres of the morphism det :M (2,a,χ)→ Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
)
are the union of two smooth, irreducible projective varieties meeting transver-
sally along a smooth divisor.
Proof. Let J0(X
0
) be the variety parametrising all isomorphism classes of line
bundles L such that deg (L|Xi ) = 0, i = 1,2. Then we can show that J
0(X
0
) :=
J0(X
1
)× J0(X
2
) where J0(X i ) are the Jacobians of X i , i = 1,2. Now J
0(X i ) acts
on M (2,a,χ) by F → F ⊗L. Clearly, both the components of M (2,a,χ) and the
divisor D are fixed by this action. Also we can easily check that the morphism
det is compatible with action of J0(X
0
) where action of J0(X
0
) on J
0
is given by
(η
1
,η
2
) 7→ (η
1
⊗L
1
,η
2
⊗L
2
). Now det |M12 = det1 and det |M21 = f
−1odet
2
. Clearly,
the morphism det
1
:M
12
→ J
0
is compatible with the action of J0(X
0
). Thus it is
a smooth morphism. Since both M
12
and J
0
are smooth we conclude that the
fibres of det
1
are smooth. Also, by the same reasoning, the fibres of det
1
|D , the
restriction to the divisor D, are also smooth. Thus the fibres of det
1
intersects
D transversally. By the same arguments we can show that the fibres of det
2
intersects D transversally. Hence, we conclude that the intersection of det−1
1
(ξ)
with det−1
2
( f (ξ)), ξ ∈ J0 is smooth. Therefore, the fibres of det are the union of
two smooth, projective varieties intersecting transversally.

6.3. Relative moduli space and relative determinant morphism. Let C =
SpecR where R is a complete discrete valuation ring and X →B be a flat fam-
ily of proper, connected curves. We assume the generic fibre X
η
is smooth and
the closed fibre X
0
is the curve X
0
. We further assume that X is regular over
C. For any C scheme S we denote X ×C S by XS . Fix an integer χ.
6.3.1. Relative moduli of rank 1, torsion free sheaves. : Fix a relatively ample
line bundle O
X
(1) over X such that O
X
(1)|X0 gives the polarisation of type
(b
1
,b
2
). Let Q
1
→ C be the relative Quot scheme parametrising all rank 1 co-
herent quotients
Op(N)
X
→L → 0.
which has the fixed Hilbert polynomial p(n) := (n+1)χ′, χ′ = χ− (1− g ), along
the fibre of X and flat over C . Let U be the universal quotient sheaf of
O
⊕p(N)
X
Q1
on X
Q1
. Let G = Aut (O
p(N)
X ) be the reductive group scheme over C .
Then G acts on Q
1
. Let Rss
1
be the open subvariety of Q
1
consisting of those
quotients L which are semistable along the fibre of X and the natural map
H0(O
p(N)
X ) → H
0(L ) is an isomorphism. We can construct a good quotient
J :=Rss
1
Ë G , projective over C using GIT over arbitrary base. Also note that
(R
1
ss ËG )t =R1
ss
t
ËGt for all t ∈C ([22, Theorem 4]). Thus the general fibre Jη
is the Jacobian Jχ
′
(X
η
) and by Theorem 6.3 the closed fibre J
0
is isomorphic
to Jχ
′
1 (X
1
)× Jχ
′
2 (X
2
).
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6.3.2. Relative moduli of rank 2, torsion free sheaves. : Fix a relatively ample
line bundle O
X
(1)′ over X such that O
X
(1)′|X0 =OX0
(1) gives the polarisation of
type (a
1
,a
2
) such that a
1
χ is not an integer. Let Q
2
→ C be the relative Quot
scheme parametrising all rank 2 coherent quotients
Op(N)
X
→ E → 0.
which has the fixed Hilbert polynomial p(n) := (c
1
+ c
2
)n + χ, where ci =
deg (OX0 (1)|Xi , along the fibre of X and flat over C .Let U
′′ be the universal
quotient sheaf of O
⊕p(m′)
X
Q1
on X
Q2
. Let G ′ = Aut (O
p(N)
X ) be the reductive group
scheme over C . Then G ′ acts on Q
2
. Let Rss
2
be the open subvariety of Q
2
con-
sisting of those quotients E which are semistable along the fibre of X and the
natural map H0(O
p(N)
X )→ H
0(E ) is an isomorphism. It is shown in [13, Theo-
rem 4.2] a relative moduli space M :=Rss
2
Ë G ′ exists and it is projective over
C using GIT over arbitrary base. Thus the general fibre M
η
is the moduli space
M
Xη
(2,χ) of rank 2, semistable sheaves with Euler characteristic χ and M
0
is
the moduli space M (2,a,χ). Note that, if X is a regular surface, by [13, Remark
4.2], Rss
2
is smooth over C. If we assume χ to be odd then Rss
2
=Rs
2
. Therefore,
PG ′ acts on Rs
2
freely. Since Rss
2
is smooth we conclude that M =Rs
2
/PG ′ is
regular over C (see [9, Corollary 4.2.23]).
Proposition 6.6. There exists a morphism Det :M →J such that the following
diagram commutes-
M
Det
//
pi′
  
❅❅
❅❅
❅❅
❅❅
J
pi′′
⑧⑧
⑧⑧
⑧⑧
⑧
C
(6.3.1)
Moreover, we have Det |
M0
= det .
Proof. Let R0
2
be the open subscheme of Rss
2
such that if q ∈ R0
2
then U ′′
q
is
rank 2,locally free. Then by similar arguments as in the proof of Proposition
6.4 we get a morphism Det ′0 :R0
2
→J and this descends to a morphism Det0 :
M 0 =R0
2
/PG ′→J . Let Z =M \M 0. Then Z is supported on the fibre M
0
and
M
0
\Z is a dense open set. Clearly, Det0|
M0 \Z
= det . Thus if we can show that
Det0 extends as a morphism Det : M →J then we have Det |
M0
= det . Let Γ
be the graph of the morphism Det0 in M ×C J and Γ be the Zariski closure of
Γ in M ×C J . Let p1 , p2 be the restriction of the two projections to Γ. Then
the morphism p
1
: Γ→M is clearly birational. We will show that it is bijective.
Since M is smooth over C it will follow that p
1
is an isomorphism. Thus we
define Det := p
2
p−1
1
which clearly extends the morphism Det0. Let (F,G1) and
(F,G2) be the closed points of Γ \Γ. Then we claim that G1 ≃ G2 . The claim
follows from the following observation:
Let R˜ be a complete discrete valuation ring such that C˜ → C is dominant,
where C˜ := SpecR˜. Let t be the generic point of C˜ and 0 be the closed point
of C˜ ,. Let F be a coherent sheaf on X ×C C˜ , flat over C˜ such that Ft is a
rank 2 semistable bundle over Xt and F0 ≃ F and G be a locally free sheaf
on X
C˜
:= X ×C C˜ such that Gt ≃ ∧
2Ft and G0 ≃ G1 . Let pi : X˜C˜ → XC˜ be the
disingularization of X
C˜
at p . The exceptional divisor pi−1(p) = ΣiD i is a chain
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of (−2) curves, and the special fibre X˜
0
of X˜
C˜
→ C˜ at 0 is X
1
+ X
2
+ΣD i and
X
1
∩ (X
2
+ΣD i ) = p1 , X2 ∩ (X1 +ΣD i ) = p2 . Let F
′′ be the restriction of F on
(X − p)×C C˜ . Identifying X˜C˜ \pi
−1(p) ≃ X
C˜
\ p = (X − p)
C˜
, we can extend the
line bundle ∧2F ′′ into a line bundle ∧2F ′′ on X˜
C˜
. This is possible since X˜
C˜
is
non singular. Therefore, we can show Pic(X˜
C˜
)=Pic(X
C˜
\p)⊕i ZD i . Clearly, we
have ∧2F ′′ t ≃pi
∗Gt . Thus one has
∧2F ′′ ≃pi∗G ⊗O
X˜
C˜
(V ),
where V á X˜
0
is a vertical divisor i.e of the form ΣniD i . Therefore, ∧
2F ′′|Xi
≃
pi∗G
0
|Xi
(ni p i ) for some integers ni , i = 1,2 since OX˜
C˜
(V )|Xi = OXi (ni p i ). Let
e i = deg (∧
2F ′′|Xi
), i = 1,2. Then ni = e i − deg (G0|Xi ). Therefore the inte-
gers ni only depend on deg (G0|Xi ). Let L i = ∧
2F ′′|Xi
(−ni p i ). Then G1 = G0
is isomorphic to the line bundle L which is uniquely represented by the triple
(L
1
,L
2
,λ). Suppose G ′ be another locally free sheaf on X
C˜
such that G ′
t
=∧2Ft
and G ′
0
≃ G
2
. Since deg (G
1
|Xi
) = deg (G
2
|Xi
) , by the above argument, we can
show that G
2
≃ L. Thus G
1
≃G
2
.

Remark 6.1. By similar arguments as in the proof of Proposition 6.5 we can
show that Det is a smooth morphism. Fix a sectionσ :C →J such that σ(0)= ξ.
This corresponds to a line bundle L over X such that L |
X0
= ξ. Let us denote
Det−1(σ(C )) by M
L
. Since both the varieties M and J are smooth we conclude
that M
L
is smooth over C.
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